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ADVERTISEMENT. 



The First Part of the Amusements, or 
Course of Lessons, here presented to the Dis« 
ciples of Euclid, is intended, principally, to 
familiarize a Class of Problems, in themselves, 
extremely beantifiil ; and interesting to Geo- "^ 

METRICIANS, from the Simplicity, Elegance, and, 
comparatively, unlimited Range, of which they 
are susceptible ; in their Application to the Re- 
. . solution of other Geometrical Researches. 

As the Object, of tUis trifling Production, is, 
necessarily, limited, and the Plan, for its Com- 
pletion, obvious ; few words will be requisite, as 

explanatory of either. 

Introductory to the Course, We have given a 
GENERAL PROBLEM, as a Basis, to 
which THE three books are referable, for Solu- 

tion. 

The Subsidiary, general Problems, or Auxilia- 
ries, are ranked in Book First, preceding the 
Problems immediately dependent. 

The Examples, in Book I. and II., might have 
been widely extended : but, those which we 
have exhibited, appear sufficient^ in point of 
Kumber and Diversity, for the intended Illus- 
tration. 






Tl ADVERTISEMENT* 

In the Solutions, nothing further has been at* 
tempted, than a Transcript of the Contents of 
the Geometrical Lecture-Slate : with some 
Degree of Attention to that natural Arrange- 
ment, which Position and consequent Infe^- 
RENCE seemed to point out. 

The successive Deductions, and the Series of 
additional Problems, composing BookThird, 
will afford ample Scope for the Trial of previ*- 

ous Acquisition. 

In these Exercises, we have not, perhaps, been 
sufficiently scrupulous in regulating the Ar^ 
rangement, by Gradation of Difficulty : but, 
the Deviation is immaterial j since Selection is 

easy. 

The Determination of the Limits of the Prob^ 
lems, would have proved a pleasing, as well as a 
valuable, Subject of Inquiry, and was originally 
intended : but, being somewhat foreign to our 
immediate Purpose, it is reserved for future Com* 

munication. 

If the present Essay should be found to revive, 
or to increase, the Ardour, of one inquiring 
MIND ; or to remove, but one Impediment, 
from the Path of Acquirement ; the Defects of 
the Execution may be censured with Forbear* 

ance. 

Bmmmek Place^ 
lit Dfcember J IS21. 
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GENERAL PROBLEM. Page 1. 

Haying two Points, and three right Lines, given 
in position : to draw, from the given Points, 
two right Lines, intersecting each other at a 
Pointy in one of the Lines given in position, and 
making equal Angles with the two remaining 

Lines, given in position. 
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ADVERTISEMENT 



The First Part of the Amusements, or 
Course of Lessons, here presented to the Dis- 
ciples of Euclid, is intended, principally, to 
familiarize a Class of Problems, in themselves, 
extremely beautiful ; and interesting to Geo- 
metricians, from the Simplicity, Elegance, and, 
comparatively, unlimited Range, of which they 
are susceptible *; in their Application to the Re- 
. . solution of other Geometrical Researches. 

As the Object, of this trifling Production, is, 
necessarily, limited, and the Plan, for its Com- 
pletion, obvious ; (ew words will he requisite, as 

explanatory of either. 

Introductory to the Course, We have given a 
GENERAL PROBLEM, as a Basis, to 
which THE three books are referable, for Solu- 
tion. 

The Subsidiary, general Problems, or Auxilia- 
ries, are ranked in Book First, preceding the 
Problems immediately dependent. 

The Examples, in Book I. and II., might have 
been widely extended : but, those which we 
have exhibited, appear sufficient^ in point of 
Kumber and Diversity, for the intended Illus- 
tration* 




Tl ADVERTISEMENT* 

In the SoLUTiONSi nothing further has been at* 
tempted, than a Transcript of the Contents of 
the Geometrical Lecture-Slate : with some 
Degree of Attention to that natural Arrange- 
ment, which Position and consequent Infe^ 
rence seemed to point out. 

The successive Deductions, and the Serubs of 
additional Problems, composing BookThird, 
will afford ample Scope for the Trial of frevjei- 

OUS ACQUIjS^ITION. 

In these Exercises, we have not, perhaps, been 
sufficiently scrupulous in regulating the Ar^ 
rangement, by Gradation of Difficulty: but, 
the Deviation is immaterial ; since Selection is 

easy. 

The Determination of the Limits of the Prob^ 
lems, would have proved a pleasing, as well as a 
valuable. Subject of Inquiry, and was originally 
intended : but, being somewhat foreign to our 
immediate Purpose, it is reserved for future Com- 
munication. 

If the present Essay should be found to revive, 
or to increase, the Ardour, of one inquiring 
MIND ; or to remove, but one Impediment, 
from the Path of Acquirement ; the Defects of 
the Execution may be censured with Forbear^ 

ance. 

Brumwiek Place f 
lit Dtcember, 1821. 
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GENERAL PROBLEM. Pa« 1. 



Hating two Points, and time right 
in position : to dntr, firom the pvm 
two right Linei» inteneeling 
Pointy in one of the Linei givai m 



tAtu Its 



making equal Aisles with tfaetivo 



Tl ADVERTISEMENT* 

In the Solutions, nothing further has been at* 
tempted, than a Transcript of the Contents of 
the Geometrical Lecture-Slate : with some 
Degree of Attention to that natural Arrange- 
ment, which Position and consequent Infe*- 
rence seemed to point out. 

The successive Deductions, and the Series of 
additional Problems, composing BookThird, 
will afford ample Scope for the Trial of rREvj** 

OUS ACQUIJSIITION. 

In these Exercises, we have not, perhaps, been 
sufficiently scrupulous in regulating the Ar* 
rangement, by Gradation of Difficulty: but« 
the Deviation is immaterial ; since Selection is 

easy. 

The Determination of the Limits of the Prob* 
lems, would have proved a pleasing, as well as a 
valuable, Subject of Inquiry, and was originally 
intended : but, being somewhat foreign to our 
immediate Purpose, it is reserved for future Com- 
munication. 

If the present Essay should be found to revive, 
or to increase, the Ardour, of one inquiring 
MIND ; or to remove, but one Impediment, 
from the Path of Acquirement ; the Defects of 
the Execution may be censured with Forbear^ 

ance. 

Brumwick Placcy 
Isi Dtcember, IS21. 
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GENERAL PROBLEM. Page 1. 

Hating two P<nnt8, and three right Lines, given 
in position : to drair, from the given Points, 
two right Lines, intersecting each other at a 
Point, in one of the Lines given in position, and 
making equal Angles with the two remaining 

Lines, given in position. 
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VUl REFERENCES. 



BOOK I- CONSTRUCTION. 



PROBLEM I. Page 11 

A Point, and two right Lines, are given in position : to draw, through 

the giten^poipytr * right Line, meeting the Lines given in position, and 

cutting off, between the Pconta of lotersectioh and given Points in 

those Lines, Segments, having a given Ratio. 

II. 18 

To add, to a given Line, another Line, such, that the Rectangle under 
the compound Line, and the Segment added, shall be equal to a given 

Square. 

III. 14 

To determine two Lines ; J^aving given, tl^f mc^ngle^ and the Dif- 
ference of their Squares. 

■■'•-' \ I..- IV, ■ . •■ i . V »' ' • i' j5 

To describe a Circle> thrpugh two, given Poj^nts, that shall touch a right 

* Line, given in position, ' 



A -, 



« • ■ f 



' v; 16 

To a given Chrde, to di^w a Tangent, that -shall, be div^dfd in a givoi 
Ratio, by the Point of contact, a Diameter given in position, and a 
Line perpendicular to that Diam^teTiF ' . 

VL ' : 17 

Given three Points, in the same right Line, to determine a fourth 
Point ; such, that the Square of its Distance, from one of the given 
Points, shall have a gi? en Ratio to the Rectangle under its Distances, 

from the remuning given points. 



VIL 19 

CWen three Pointe, in the tame right Line, to assign a foortb Point ; 

such, that the Rectangle under its distance, from one of the giTcn 

points, and a given Line, shall have. a given Ratio to the Rectangle 

under its Pistances, from the Jtwo i»maining given points. 

VIII. 20 

^iven the Perimeter, the Line bisecting the vertical Angle, and the 
Difference of the Angles at the Base ; to determine the Triapgle. 

IX. 23 

Given tjie Subi* or the Difference^ of a Line, to which the Base has 
A given Ratio, and a Line drawn firom the Vertex, to make a given 
Angle with the Base ; the Difference of the Segments of the Base^ 
made bj Ihe line from the vertex, and the Difference of the Angles 
Mt the Base ; iko determine the Trianglei 

X 25 

Ghrea in position, a Pnnt, and four ri^t Lines : to draw, through 
the given point, a right lin^ meeting two of the lines given in posi- 
iioa : so^ that drawing firom the Points of Intersection, two Lines, 
auddng given Angles with the two remaining lines given in position : 
Ifae Sum, or the Difference, of two Lines, to which the lines, last 
drawn, have given Ratios, shall be given. 

XL 28 

Two tight Ldines, and two Pointa, are given in position *. to draw, 
through the given points, two parallel lines, meeting the Lines 
j^ven in position, and cutting ofi^ from those lines, Segments, hav- 
ing a given Ratio. 

XIL SI 

Three right lines, and a Point, are, any liow, given in position : to 
draw, through the given pmnt, a right Line; so, that the Scgmenia 
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thereof, intercepted by tbe lines given in position, sball have a given 

Ratio to each other. 

XIII. 33 

Given the Chord and the Tangent, to asagn the circular Arc. 

XIV- 37 

Having four Points given, in the same right Line : to determine a 

fifth Point; such, that the Rectangle of its Distances, from the first 

and third given points, shall have a given Ratio to the Rectangle of 

its Distances, firom the second and fourth, 

XV. 40 

Given the Sum, or the Difi^erence^ of the Hypothenuse and one ^de, 

and the Segment of the Hypothenuse, adjacent to that Side, by a 

Perpendicular from tbe right Angle, to determine the Triangle. 

XVI, 43 

Given, in position, a Point, and two right Lines : to draw, from the 

S^ven point, two Lines that shaU include a given Angle, and cut off, 

from the lines given in position, Segments, having a given Ratio* 

XVIL 46 

Two Points, and two right Lines, are given in position : to draw, 
from the given points, two Lines, including a ^iven An^le, and cut- 
ting ofi*, from the Lines given in position. Segments, having a given 

Ratio. 

XVI IL 48 

To describe^ through a given Point, a Circle, to touch two right 

Lines given in position. 

XIX. 50 

To describe a Circle, through a given Point; such, that Paitsof the 
Circumference, subtending given Angles, may be cut ofi*, by two 

right Lines given in position* 



XX. 52 

To describe a Circle, that shall touch two right Lines given in pod* 
tioB, and also a Circle, given in position and magnitude 

XXL 54 

Given in position, three Points, and two light Lines : to draw, from 
two of the given points, two Lines, parallel to each other, meeting 
the Lines given in position; so, tiiat the two Points of concourse, 
and the remaining pmnt given in po&ition, shall be in the same right 

Line. 

XXII. 58 

Two right Lines, and a Point, are given in position t to draw, from 

the given point, two Lines, Uiat shall intercept a Segment, of a given 

Length, on one of the Lines given in position, and cut off, frosa the 

remaining I Jne given in position, Segments, having a given Ratio. 

XXIII. 60 

Given in positioii, a l^oint, and four right Lines, two, of which, are 
parallel : to draw, from the given point, two Lines, intercepting, on 
one of the lines given in position, a Segment, of a given Length, and 
meeting the paralUl lines given in position ; so, that the right Line 
passing through the Points'of Intersection, shall be parallel to the re- 
maining line given in position. 

XXIV. 6S 

Two Points and two right Lines, are given in porition : to draw, 

from one of the given points, two Lines, including a given Angle, 

and meeting the lines given in position; so, that the Points of oon« 

■ course, and the remaining point given in position, shall be ill the 

same right Line. 

XXV. 67 

Given in position, three Points, and two right Lines : to draw, from 
two of the given Points, two LineS} including a given Angle, and 
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meeting the lines given in position, in two Points ; sucfa, that a Liber 
passing through those points, shall also pass through the remaining. 

point given in positioa* 

XXVI. 71 

Three right Linesi and two Points, are given in position : to draw» 
from the given points, two lines, having their Point of concourse 
in one of the Lines given in position, and cutting off, from the two 
remaining lines given in position. Segments, from given Points in 
those lines, that have a given Ratio. 



BOOK II.* ANALYSIS. 
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PROBLEM I. 85 

Given in position, two right Lines, and a Point : to draw, through 
the given point, a right line, meeting the lines given in position, 
and cutting therefrom. Segments, the Rectangle of which shall be 

given. 

IL 87 

Given in position, a Line, at right Angles to the Diameter of a given 
Circle, and a Pointy in that diameter, or in the diameter produced : 
to determine a Point, in the Periphery of the Circle; such, that, thence^ 
drawing two right lines, one to the point given in position : the 
other meeting the line given in position, and making a given Angle 
therewith ; the lines, so drawn, shall have a given RatiOi 
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III. 91 
Ta the lame right Line, three Points are giv«n : to determine two 
other Points in the line ; such, that the Distance of the points so 
determined, shall haye a giren Ratio to the Distance between one of 
them, and one of the given points : also^ that the Square of the Dis- 
tance, of the same determined point, from another of the given points, 
shall have, to the Rectangle under a given line, and the Distance of 
the other point to be determined, from the remaining given point, a 

given Ratio. 

IV. 94. 

To asagn the position of a Tangent, to a given circular Arc; such, 
that the Fart of the Tangent, intercepted by Radii, through the Ex- 
tremities of the given Arc, shall be of a given length. 

V. 96 

Given in position, a Diameter of a given Circle, a Point, in that 
diameter, or in the diameter produced, and a right line, perpendicu* 
lar to it : to determine a Point in the Periphery; such, that draw- 
ing, thence^ a Line to the given point, and, alsOk a line making a 
given Angle with the line given in position; the Sun, or the Differ- 
ence^ of the lines thus drawn, shall be given. 

VI. 100 

GiTen in posttion, the same as in Ttcblem. V : to determine a Poin^ 
in the Periphery of the Circle; such, that drawing, thence, a Line to 
the given point, and another line, making a given Angle, with the 
line given in position : the Sum, or the Difference, of a given line, 
and the line drawn to the given point, shall have a given Ratio, to 
the line drawn, making a given Angle, with the line given in position. 

VII. 103 

Given in position, three right Linps and a Point, in one of them; 
alsok another Point, any how posited : to draw, from the latter pointy 
two linesy to cut off, from the line in which is the gifen point, two 
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Segments, between the Points of Intersection and the given point, 
having a given Ratio ; and, also, to cut off, from the two temaining 
lines given in position, two Segments, between the Points of Inter- 
section, and the Point of coocourse of those lines, having to each 

other, another given Ratiot. 

VIII. 106 

To draw, from two given Points, two liines, intersecting each other 
at a Point, in a right line given in position, and cutting off, from 
another line given in position, two Segments, between the points of 
Intersection, and a given Point, in the line, of which, the Rectangle 

shall be given. 

IX. 108 

Three Lines and a Point, are given in position : to draw, from the 
given point, a right line intersecting two of the given lines, and cut- 
ting off, from one of them, a Segment, from a given Point therein ; 
such, that joining the remaining point of Intersection, and a given 

» 

Point, in the third line given in position, and drawing, from the first 
Intersection, a Parallel to the line joining those points : the Seg- 
ment intercepted on the third line given in position, between a second 
given Point therein, and the point of Intersection of the Parallel, 
shall have a given Ratio to the Segment, cut from the other line 

given in position. 

X. Ill 

Given, the vertical Angle, the Sum, or the I)ifference, of one Side^ 
and a line, to which the other Side has a given Ratio *, and the Ra- 
tio of the Segments of the Base, by a line from the Vertex, making 
a given Angle with the Base ; to determine the Triangle. 

xi; lis 

The podtion of five right Lines, and of a Point, is given : to deter- 
mine, in one of the lines, a point; such, that drawing, thence, two 
right lines, parallel to two other lines, also, given in position, inter- 
secting the four remaining lines given in position : th« right lines, 
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XV 



joining two of the Points of Intersection, shall be parallel to the bne, 
passing through the two remaining Points of Inttfsection. 

XII. 116 

Three right Lines are giren in position ; to assign the position of a 
Triangle, given io Species ; such, that its angular Points shall be 
posited on the Lines given in position ; and, that Segments, having a 
given Ratio, shall be intercepted on two of the lines, between given 
Points in those lines, and the angular Points of the Triangle. 



XIII. 



119 



^our Points, and two right Lines, are given in position : to assign 

the position of Parallels, from two of the given points, meeting the 

lines given in position; so, that Lines, drawn from the Intersections, 

to the two remaining points given in position, shall be parallel. 



XIV. 



121 



Three Circles being g^ven in position and Magnitude : to describe a 

fo|irth Circle, intersecting the others ; so, that two of the Chords, 

joining the Points of Intersection, shall pass through given Points, 

and the remuning Chord, be parallel to a Line given in position. 



XV. 



125 



Given, the vertical Angle, the Radius (^ the inscribed Circle, and 

the Sum, or the Difierence, of two Lines, to which the Base, and a 

L^ne^ from the Vertex, making a given Angle with the Base, have 

given Ratios ; to determiQe the Triangle. 



XVI. 129 

To describe, through two given Points, a Circle, intersecting a right 

Line given in position ; so, thatlfnes, drawn from either of the given 

points, to the Points of Intersection, shall contain a given Angle. 

XVII. 132 

Having four right Lines, given in position : to determine a Poin^ 
from whicfai if four other right lines are drawn, meeting those given 
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in position, in given Angles; the Sum, or the DifTerence, of two of 
the Lines, bo drawn, and the Sum or the Difference, of the Rectan* 
gles, under the remaining two, and two given Lines, shall be given, 

XVIII. 135 

From two given Points, in the Diameter of a given Circle, to draw 
two Lines, to a Point, in the Periphery ; such, that the Difference, 
or the Sum, of one of them, and a given Line, shall have a given 

Ratio to the other. 

XIX. 138 

Three right Lines, and three Points therdn, are given in position : 
to determine three other Points, in the Lines; sueh, that the Seg^ 
ments of tho lines, intercepted between the given points, and the 
points to be determined, shall have given Ratios to each other ; and 
Xines, drawn from one of the determined points, to the remaining 

two, shall include a given Angle, 

XX. 141 

Given in position, four right Lines : to draw, parallel to another 
Line given in position, a Line, meeting the four Lines given in posi* 
tion ; so, that the Rectangle, under two of the intercepted Segments, 
•hall have a given Ratio to the Square of the remaining intercepted 

Segment, of the Line so drawn. 

XXL 144. 

To inscribe, in a given Triangle, another Triangle ; such, that each 
Side, of the inscribed figure, shall pass through a given Point. 

XXIL 146 

To draw, from two given Points, in the Diameter of a given Circle^ 
two right Lines, to a Point, in the Periphery ; such, that the Differ- 
ence, or the Sum, of those lines, shall be given. 

XXIII. 150 

From two given ^Points, any how posited, in the Diameter of a given 
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Circle, to draw two right Lines, intersecting at a Point, in the Feci- 
|>hery ; such, that the Sum, or the Difference, of the Rectangle^ 
under these two Lines, and two given lines, shall be equal to a given 

Magnitude. 

XXIV. 153 
Given, the Difference of the Angles at the Base, the Difier«nca, or 
the Sunit of the Sides, and ;the Sum, or the Difference, of a Line^ 
Uoca Jtbe Vertex, .makjng a given Aqgle with the Baae, and a Line, 
to which the Diffennoe of the Segments of the Base, by the Perpen^> 

dicnlar, has a given Ratio ; to determine the Triangle. 

XXV. 157 

Three Points, and two right Lines, are given in position : to draw, 
from one of the given points, two Lines, including a given Angles 
and meeting the line^ given in position ; so, that Lines, dnwn from 
the Points of Intersection, to the two remaining points given in posi- 
tion, shall include another giten Aogl^* 

XXVI. 160 

Two right Lines, and four Points, are given in position : to draw, 
from two of the given points, two Lines including a given Angle« 
and meeting the lines given in position ; so^ that Lines,' drawn from 
the Points of Intersection, to the two remaining points given in po« 
sition, shall also include a given Angle. 

XXVII. 164. 

Given in pontion, two right Lines, and a Pbint : to draw, ftom, the 
lp.Ten point, a line that shall cut off. from the lioes given in po^tioq, 
two Segments, between the PoinU of Intersection and given Points 
In those lines ; such, that the Sum, or the Difference, of two lines, 
to which those Segments have given Ratios, shall be giveq. 

XXVIII. 167 

To draw, from two given Points, two Parallels, meeting two Lines 
given in position, and cutting therefrom, two Segments, between the 
Points of Intersection and given Points in the lines; such, that \t\ff 
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Sum* or the Difference, of two lAnes, to which the Segments hare 

ghen Ratios, shall be equal given a line ; or, that the Rectangle of 

the two Segments cut off, shall be equal a giyen Space. 

XXIX. 17s 

To draw, from two given Points, two Lines, including a given Angles 
meeting; two Lines given in position, and' cutting therefrom, two Seg- 
ments, between the Points of Intersection, and given points in the 
lineis ; such, that the Sum, or the Difference, of two Lines, to which 
the Segments cut off, have given Ratios, shall be given ; or, that the 
Rectangle of the Segments shall be equal a given Square. 

XXX. 179 

Given in position, three right Lines, and two Points : to draw, from 
the given points, two Lines, having their Point of concourse in one 
of the lines given in position, meeting the two remaining lines given 
in position, and cutting therefrom, two Segments, between the Points 
of Intersection and given points in the lines ; such, that the Sum, or 
the Difference^ of two Lines, to which the Segments have given Ra- 
tios, shall be given ; or, that the Rectangle of the Segments, cut o^ 

shall be given in Magnitude. 



BOOK III. 
GEOMETRICAL EXERCISES. 



Problem I. to Problem CXXXVI. Page 191 to 236. 



Part II. and Illr, of the Amusements, are ready 
for the Press ; and will appear in Succession. 
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GENERAL PROBLEM. 

Having two Points and three right Lines, given 
in position : to draw, from the given points, two 
right lines, intersecting each other at a point, in 
one of the lines given in position, and making 
equal angles with the two remaining linesj given 

in position. 

This Problem divides itself into different cases, 

depending upon the relative situation of the 

points and right lines, given in position. 





1. In figure A, the three lines, PA, QB, 

DR, given in position, are parallel to each other, 

and the given points P, Q, on contrary sides of 

DR, the line in which the two lines, required 

to be drawn, are to intersect each other. 

B 
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In B| the lines sffe pnrailel, but ttie points P, Q, 

are on the same side of DR. 
From one ^f ibe poioiis* as Q, draw QD perpen- 
dicular to DR, make DL = DQ, through P, L, 
draw PR, meeting DR in R, and join Q, R : 

the required liaes are PR» QR. 
For, DQ=DL, and DR is perpendicular to 
QL| or the angle LRD = angle QRD : and be-* 
eause of parallel lines, the angle LRD = angle 
R PA, and the angle QRD = angle RQB': or 

the angle RP A = angle RQB. 
In this case of the problem, a point R, answering 
the conditions, may be determined, by drawing 

PQ, intersect iog DR in R. 
For obviously, because of parallels^ the angle 

RPA= angle RQB. 



D. 
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2. In figure C, the Imes PA, DR, onIy» are 
parallel, and the points 1\ Q, on contrary sides 

of DR, 
In D^ the lines PA, DR^ are parallel, but Paa4 

Qr are on tbe same side of DR. 
In £y the Knea are anj how positeiK and Pf Qg 

en the same side of DIU 
Let Q B meet PA at B, through P, Qi B^ de- 
scribe s circle, cutting DR in R, the point to 

which PR, QR, are to be drawn. 
For, the points P, Q, R, B, being in the peri- 
phery of a circle, it follows, that the Mgle 

RPA=RQB. 





3« In figures, T, G, the linea and points arf 
posited as in figures C, D, but the aingles APR| 

BQR^ are both exteriorly situated* 
Let QB meet DR at I : draw QD perpendiefh* 
kr to DR,t make DL =^DQ, and tfarotigb P, L# 
describe a circle to contain the angle QID : this 
circle will intesseet DR at R,. thepoidt to which 
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PR, QR, are to be drawn. 
Draw LR. 
Since QD= DL, and DR perpendicular to QL, 
we have the angle QRI = LRI : also, by the 
construction, the angle PRL = QID = the dif- 
ference or the sum, of the angles QRI, RQB, 
or of the angles QRI, IRP, or of the angles 
QRI, RPA, because of parallel lines: 
That is, the angle RPA= RQB. 



H. 





I A 



4. In figure H, the lines PA, QB, are par- 
allel, and P, Q, on the same side of DR. 
In I, the lines are any how posited, and the points 

P, Q, on the same side of DR. 
Draw QD pei*pendicular to DR, make DL = 
DQ, and describe, through P, L, a circle to con- 
tain the supplement of the difference of the an- 
gles QBR, PAR : the point R, and the posi- 
tion of the lines PR, QR, are determined as in 

case 3. 
Draw LR, meeting PA at I. 
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As in tbe preceding, the angle LRD = QRD ; 
and» by the construction, the angle FRI=the 
difference of the angles, QBR, PAR, or of the 
angles PR A, IRA, or of the angles PR A, LRB: 
that is, equal the difference of the angles PRA 

and QRB. 
Therefore, the sum of the angles QBR, QRB, 
is equal to the sum of the angles, PAR, PRA. 

And consequently, the angle RPA=RQB. 

In figure H, draw PQ, and produce it to DR at 

R, which is a point having the property required 

by the problem, as in figures A and B. 





d. In figure K, the lines PA, QB, are par- 
allel, and P, Q, on contrary sides of DR. 
In L, the lines are any how posited, and P, Q, 

as in figure K. 
Let QB meet DR at I ; draw QD perpendicu- 
lar to DR, make DL = DQ : a circle through 
P, L, to contain an angle equal to the difference 
of the angles QIR, PAR, in figure K i and to 



v 
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their turn, in figore L| determines Ry and, tbence, 

the position of PR, QR.^ 
Draw LR« 
We show, as beforei that the angle QRI^sLRI : 
also, by the oonstructioni the angle PRL==s the 
diiFerence or the sum, of the angles QIR» PAR, 
equal the difference of the angles PRI, QRI : 
Or the sum of .the angles QIR, QRI, is equal 
the sum or the difference, of the angles PRI, 

PAR, 
That is, the angle RPA==^ RQB. 
When the lines and pomts are situated as in fig- 
ure K, draw PQ intersecting DR in R, a point 
answering the conditions of the problem : for, 
by parallels, the angle RPA== RQB. 




B K 



6. In figure M, the lines are any how posited, 
and tbe paints P, Q, on contrary sides of DH. 

Let PA, QB, meet DR, afc. A^ B. 
Through P, Q, describe a circle to oootain the 
supplement of the difference of the airgks BAP, 



1 
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ABQ: the intersection of this circle with DR, 

determines R. 
Draw PR, QR, and let PR meet QB at L. 
By the constniction, the angle QRL =the dif- 
ference of the angles BAP, ABQ, or of the 
angles QRB, LRB, or of the angles QRB, 

ARP. 

Therefore, the sum of the angles BAP, ARP, 

is equal the sum of the angles ABQ, QRB : 

That is, the angle RPA==RQB. 

It would be superfluous to give the con- 
struction for any case of the problem, where 
the lines PA, QB, are supposed not to pass 
through .the points P, Q, but to have some other 
assigned position : since, in every possible posi- 
tion of those lines, paraHels to them may be 
drawn, through the points P, Q ; and the case 
under consideration, thus rendered coincident, 

with the corresponding one of the preceding. 
From the above method of considering this pro^ 

blem, it appears that, 
If two lines, drawn from given points to have 
their point of intersection in a right line given in 
position, make equal angles with two other lines 
given in position : the lines so drawn shall either 

include a given angle : 
As in cases S. 6« and figures C, D, E, M« 

Or, 
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One of them shall pass through a given point : 
As in case 1. figures A, B. 

Or, 
Shall make a given angle with a line passing 

through a given point. 
As in cases 3. 4. 5. and figures F, G, H, I, K,L« 



As the foregoing constructions apply to all the 
material cases, we shall now show the Use of the 
Problem, in its application to the solution of a 
Series of Geometrical Inquiries. 



mm 



BOOK I. 



CONSTRUCTION; 



«v» 



PROBLEM I. 

The point P» and the right lines CA, CB, are 

given in position : *to draw the right line PRLp 

meeting CA, CB^ at R| L^ so, that the 8eg« 

ments AR, BL, shall have a given ratio. 




, ••. 



CQNSTRCrqtlOK. 

JhtLW Pfi, hQ^ iBtiaag th« . ai^gkr CAQ=rPBC, and AQ ; 

BPssthe given ratio : then;? by '^e General ProUem^ draw 

Pi^ QR, m, that thc^ apgb 9rjU= AQR. 

DEMONStRAtlO^. 

LetPRBV£t*BCatL. 
\ - '^ .? 'B^ the-UMnlnietion, • 
^ ^ ^ Tbd fltagl^ OARarPBL, and AQR^BPL; 
Of the trian^lkllA&y and PBL, leqivi^igular, \aim^ AR : 
BL= AQ t BP e^ thfe gina ratio. • 



i< iiii 



' FnAi thtf'^bore. we obtain an extremely simple and elegaiA 
aohttiofij to thb XIX question, Leeds Correspondent : which is^ 
^T<> dntw> through a ^Ten point M, a right Ibe MPQ, meeting 
twoof the!«id<^ BA, BC, of a given triangle ABC, In P/^, 
i»i that drawing PI, QI, parallel to lines given in position ; the 
point of ooDOOurse I shall be in the remaining side AC of tlie 

triangle.' 
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t CEy ADy be parallel to the lines given in pontion : and 
diaw, by Prob. I, MPQ, making AP : DQs=A£ : CD. 
Draw PI parallel to EC, and join Q and L 
By the Constmctioni 
? : AE=DQ : DC=AI : AC^ because of die paiallek 

IP, CE : 

Hence, dividing and ahematingy CD : CAbcCQ : CI ; 

That is, QI is parallel to AD. 



Problem I. which we may designate as our leading Auxiliary 
ProBletHf is the same as the general case of the Section of Ra- 
tio of the Ancients : for which we are indebted to the fertile 
gedhis of APOLLONIUS, the oelebnited Geometrician of 

Perga. 

I am not aware that any other problem, so generally appKoable 
to composition, can be found in the compass of plane geometiy. 
The above, with three of its particular cases, forms the first 
four Propositions of Book II. Professor Leslie's Geometrical 
Analysis : a work of considerable originality, ingenuity and 

address. 
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PROBLEM II. 

To add, to a given linei another line such, that 
the rectangle under the whole line and the seg- 
ment added, may be equal a given square. 




CONSTRUCTION- 

In any ponUon, take BAssthe given line, and BA • AP=the 
given square : draw PK parallel to BA, alto BIK, by Prob. L 
making AIsPK : the reqaired line is PE. 

DEMONSTRATION. 

Draw KL parallel to PA. 
Because of parallel lines and equalsy 
B A : AI»BI.: LK«B A : PK»BL : AP«B A : AL ./ 
That iSy BL . LAaB A • AP the given square. 



If BA be taken as above, and APathe side of the given square, 

draw BIK, making AI : PK-BA : AP. 
This apparently trifling problem is of singular utility in con- 
atructiony and has received the notice of most of the elementary 
Writers. The ardent Geometer will not be di^leased with the 
attention I have paid to it, in the third part of these amusementSt 
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PROBLEM III. 

« 

To determine two lines, having given their rect< 
angle and the difference of their squares.. 




CONSTRUCTION. 

Take AD th« side of the tquarei equal tbe given difference, 

and AP=the giyen rectangle : then draw, by Prob. I. AIQ, 

making DI : PQ- AD : faP ; apply to PD, QB=PD, and 

draw LB : the required lines are LB, BP. 

DEMONSTRATION. 

By the Constmttion, parallels, and equals, 
AD : DI-«DP : PQ»AL : PQ»^L : L A«QB : QP»QL: 

aB, 

Or tte.triaAgles QBP, QLB, LBP, are equiangular^ Baving 

LB : BQ»LP : P&^ 
Or LB . BP-^BQ . LP»DP . PL the given rectangle. 
' ' Alffo, • 

/ The togle LPBis alight ahgle,* '■ 
r Or LB'-^ BF^»LP^ AD^ equal the given square. 

This problem, which so frequently presents itself to the Geome- 
ter, as the result of his Analysis, is, essentially, the same as the 
it. ; since its constructibn obviously includes the determination 
of that problem : for LP^AD, is a given line, and PQ has 
been determined,making the rectangle LQ . QP»QB^ or PD', 

a given square. 
In the subsequent pages of the Amusements, I have again 

noticed this geometrical trifle. 
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PROBLEM IV. 
Tq dmv^ a .drcl« ^bfitug^ two giveq pQilite, 
ftkatidmllitouch a ngH (ifte gbWik^^pwitiQD, 



1 
\ 




CONSTRUCTION. 

Join the giTen points P, K ; draw KQ perpendicular to BQ, 

the line given in position, abo PB, BR, perpendicular to PK, 

BP: then, by Piolu L kt PLR be drawn, making QL: BR 

«»^Q:PB: the point of contact is L* ., 

DEMONSTRATION. 

Describe a drde through P, K, L, and draw KL. 

By the constraction, ^ 

QL:QE-.BRiBP, 

Or the right ang^ triangles LQK, RBP, are equiangular. 

Having the angle QLK^BRP^LPK, because of parallel lines; 

Or BQ touches the cirde at L : 
That is, 
The circle through P, K, touches BQ at L. 

This problem is the same a8» To deten^ine two lines, of which, 

the rectangle «nd ^o are glvea. 
Or, To draw, fiom two. g^t#n pq^its,.two liojcs intersecting each 
other in a right line, givefli jn^posi^ion, and, with two other lines, 
also given in position, makii^ angle^i of whiclv the sum or the 

dif&renoe shall be given. 
The ideAt^7 and spjutioos of these problems, are left, for the 
comi^f^oj^ pfid amusenient oj[.()iei 8tu4ent. 
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PROBLEM V. 

To a given circle, ^to draw a Tangent, that shdl 
be divided in a given ratio, by the point of con- 
tact, a diameter AB given in position, and a 
line DG, perpendicular to that diameter. 




R B F DC KF A K 



CONSTRUCTION. 

la Bnj pofiitioni parallel to each other, draw firom C| the cen- 
ter, and A, the extcemitj of the diameter given in position, 
the ra&iB CP, and AQ» AD : take CD : CK«the given ratio, 
and through P, by Prob. I. draw LPR, making QL : DRa 
CK : KD ; the Tangent from R is that required. 

DEMONSTRATION. 

Draw the Tangent RTG, ako PI parallel, and TF perpen- 
dicular, to AB. 
Because of parallels, 
RC:CP-PI:IL=CP:IL, 
OrRC.IL=CP«=RC.CF: 
That is, IL =CF. 
Hence, QI being equal to CD, we also have QL=: FD ; 
And RG : GT =RD : DF= RD : QL= DK : KC, by 

construction ; 
Therefore, RT : TG= CD : CK the given ratio. 



We hence derive a solution to the following problem. 
To determine two Unes DR, DF, having to each other a given 
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iaUO| such, that addbg a given fine DC to each, the rectan- 
gle of the compound Itnet CR, CF, shall be equal to a given 

square. 
Among further Deductions firom the precedBng, we notice the 

following simple and beaurifid Theorem* 
From A I the point at which any right fine LA meets a giren 
circle APB, draw the diameter AB, also the radius CP, par- 
allel to AL : assign, in AL, AB, any equal dibtances what- 
ever, AL, AF, and draw FT perpendicular to AB. 
Then, the Tangent to the circle at T, and the right line through 
L, P, will meet AB at the same point R« 



PROBLEM VI. 
In the right line AP, there is given the point C : 
to deterniine another point M, in AP, such, that 
the rectangle PM • MC, shall have a given ra- 
tio to the square of AM. 




CONSTRUCTION. 

Make the perpendiculars PV, AK, equal to PA, C A, and draw 
AV, CK : take FC : C A= the given ratio, and, by Problem I. 
draw KIH, making AI : PH= CK : AF ; then IM, parallel to 

VP, determines M. 
D 



V 
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DEMONSTRATION^ 
Let PI meet AK at L, and clfaw, through I, DR parallel tcr 

PA. 

Bj parallels, equds, and construc^on, 

PM : MI=i IR : RL== PM : MA= MA : RL,. 

Or, PM.RL=AM«: 

Also, AI:PH=CK:AF. 

Now, by equiangular Triangles, 

AI;PD=CK:GA, 

Then, PH : PD =:AF ^ AC= £L : LR, hy paraHel Une9: 

Hence, 
RK:RL = CF:CA=MC:RL = PM.MC:PM.RL 

= PM.MC: AM* 
Equal the given ratio. 

When the ratio is that of equality, the Construction becomes 
extremely simple : since, in this case, the points A, F, as also 
P, H, will be coincident ; and, of course, KIH wiQ pass 
through P : that is, IM, drawn from the iateisecdon of AV, 

PK, determines M. 
This Problem is the same as, To determine, in a right line 
ACP given in position, and intersecting a given circle in C, P; 
a point M,such, that drawing a Tangent to the circle, from M; 
the segment AM shall be equal to that tangent, or shall have 

any given ratio to it. 
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PROBLEM VII. 

In the right line AP, there are given, the points 
C, N : to determine the point M, in AP, such, \ 

that the rectangle PC . PM shall have a given \ 

ratio to the rectangle M A . MN. 




M. VC N A 



CONSTRUCTION. 
Take AV= PC, draw the parallels VD, NL, make NL = 
NP, and joiB P,L : Let PB : PN= the given ratio, and draw, 
hj Problem I. ADR, so, that VD: RL=PB : PL : the 

paraM RM determines M. 

DEMONSTRATION. 

Draw RH parallel to PN. 

Bj parallels and equals, 

AM : MR=« AV : VD= AM : MP =PC : VD, 

Or, MA . VD= MP • PC, 

Also, by the construction, 

VD:RL=PB:PL; 

And because of parallel lines, 

RH : RL=MN : RL«PN : PL: 

Then, 

VD : MN= PB : PN= MA • VD : M A ; MN =MP . PC: 

MA . MN the given ratio. 

The ratio of equality will be determined, by drawing ADR, 

making VD : RL= NP : PL. 
Th« last construction, besides furnishing us with a Solution to 
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the proUeno deduced from the VI. applies to a more general one. 
To determine My such, that the rectangle under the sclent 
MP and a gpven line, shall be equal, or have any given ratio, 
to the square of the tangent from M, to any circle passing 

through the points N, A. 
We have also si^lved the following, To draw, firom a given point, 
a right linoMineeting two right lines, given in position, and 
cutting off segments, such, that the sum or dii&rence, of one of 
the segments, and a line to which the other segment has a given 

ratio, shall be given* 
The present, and Problem VI. are cases of the DtienmnuUe 
SeeUoUf another Bequest of the .Great Gbometeician of 

Perga. 



PROBLEM VIU. 
Oiv^n the perimeter, the line bisecting the ver- 
tical angle, and. the difference of the angles at 
the Base, to determine the Triangle. 




CONSTRUCTION. 
Take LP, 'angle PLQ, and LF, perpendicular to LQ, equal 
the perimeter, half the given angle, and the bisecting line, re- 
spectively ; and let FQ be parallel to LP : then drawing, by 

Problem L PIC, making Ll : QC= PL : LQ, the vertex of 

- < 

the required triangle is C. 

DEMONSTRATION. 

Draw CL, CA, CB, CD, making the angle PC A= CPA, 

LCB= CLE, and CD parallel to FL: 
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It is to be proved, that ACB is the required Tnangle. 

.BecBOse of equal angles, AC =AP, and BC= BL, 

pr the sum of the sides AC, CB, BA, is equal to LP, the 

given perimeter. 
Also, by the oonstmctioo, 
PL:LI=LQ;QC, 
And the angle PLI r=LQC ; 
Therefore, PLI, LQC, are equiangular triangles, 
Or the angle LPI= QLC : 
That is, 
The difieience of the angles CLP, CPL, is equal to the angle 

PLI: 
And, as the angles at B, A, are, obviously, double of those at 

L,P, 
It follows, that the difference of the angles B, A, is double the 

angle PLI : 

Or equal the given difierence. 

Moreover, CD is perpendicular to LI, 

And LI makes with the base BA, au angle equal to half the 

^liSerence of the angles at B, A ; or CD bisects the angle 

ACB: 

Also, CF, DL ; and CD, FL ; are parallel, or CD= FL ; 

That is, CD is equal the given bisecting Line. 

Tliis is Problem LXC Appendix, Simpson's Algebra, fourth 
Edition. The Data might have been varied, as, for the line 
bisecting the vertical angle, a line having a given ratio to it ; 
or the perpendicukr, or a line having a given ratio to the per- 
pendicular : or. Given the perimeter, and two lines having given 
ratios to the perpendicular and the line bisecting the vertical 

angle, to determine the triangle. 
To each oi these Cases, the foregoing construction is applicable. 
When the perimeter, the perpendicular, and the vertical angle, 

are given. 
Take KV=the perimeter^ perpendicular VC=CM=that 
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given, angle VCM =the given angle with half its supplement, 
MR perpendicular to MC : and draw CRP, by Problem I. 
making MR=: KP ; then C A, making angle PC A= CPA, 

determines A, an angle at the Base. 
This is the LX Problem'Siinpson's Appendix, it would be more 
general, by making the second Datum, a line making any given 

angle with the Base. 



c H 




B V 



When the base, the perpendicular, and the difference of the 
angles at the base, are given, for the determination of the tri- 
angle ACB. 
Make AB= the base, A£ =the perpendicular, EC parallel 
to AB, ABN=half the given angle, NBH a right angle: 
Then draw, by Problem I. AGC, making BG : HC=2 BN; 
NH : join C, B ; the triangle is determined. 
This is the XV Problem, Appendix of the same work* 



Here again, we may diversify and generalize, as. Given the base, 
difference of the angles at the base, and either a line from the 
vertex, making any given angle with the base, or the line bisect- 
ing the vertical angle, or a line having a given ratio to the per- 
pendicular, or to the bisecting line: or, Given the two leading 
Data, to determine the triangle, when the vertex is posited in 

any right line, given in position. 
These abrupt Outlines of construction, and the remarks, are pur- 
posely ^ven as familiar hints to the rising Geometer, for whose 
further pursuit and improvement, we omit the Demonstrations. 
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PROBLEM IX. 

Given the sum or the difference of a line to 
^rhich the base has a given ratio, and a line drawn 
from the vertex, to make a given angle with the 
base, the difference of the segments of the base, 
made by the line from the vertex, and the dif- 
ference of the angles at the base, to determine 

the Triangle. 




CONSTRUCTION. 

Make CHK=^the first given angle, HKssthe given sum or 
difierence, 2CH : HK==the given ratio, 2HP=sthe difierence 
of the segments, HB=HC, and draw CK, BK ; take PQ= 
PB, making CPQ=tlie other given angle, and PQR=angIe 
PBK. Then, by Problem I. draw PLR »Oy that CL : QR 
=CK : KB, and the triangle is determined. 

DEMONSTRATION. 
Draw La parallel to CB, cutting HK at I ; also PD parallel 

to HK, and join A, P. 
We shaQ show, that APL is the Triangle required. 

Bj parallels, 

AL:IK=BC:HK, 

Or IK is the line to which the base AL, has the given ratio. 

Also, the angle PDA=PHK, 
Q^ PD is the line making the given angle with the base^ 
And KI+DP=:KI+IH«KH the given sum. 
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Again, because of equals and paraOeb, 

AI-IL, 

Or AD _ DL<*2DI-2PH the given difiereoce. 

Moreover, hj the construction, 

CL : QR-.CK : KB»CL : BA by pavaUels, 

Then QR»BA ; 

And as PQ-«PB, and the angle PQR«PBA, 

The triangles PQR, PB A, are mutually equal, 

Or the angle QPR«BPA : 

That is, 

The difference of the angles CPL, BPA, or of their equals^ 

ALP, LAP, is equal to CPQ, the given angle. 

This Problem is a general euunciadon which we have gpven to 
Question 6^9 Ladies* Diary, proposed by Mr. Wildbore ; an- 
swered by Mr. Chipchase and Mr. Crakelt : all distinguished 

Geometers of the day. 

From the deductions, we select the foflowing problems. Given 
in position, a point and three right lines : to draw, from the 
given point, two right lines, making with one of the right lines^ 
two angles, of .which the difference or the sum shall be given* 
and cutting oif» from the two remaining Hues, segments having 

a given raUo to each other. 
Three right lines and a point, being j^ven in position : to draw, 
from the given point, two right lines, making, with one of the 
lines given in position, equal angles, and cutting off, from the 
two remaning lines, segments, of which the ratio, the sum, or 

the difference shall be given. 
Or, From two given points, to draw two right lines, making 
equal angles with a right line given in position, and cutting off 
segments, from two other right lines, given in position, such, 
that the ratio, sum, or difference, of those segments may be 

given. 
The above are pleasing and useful Problems, and they will 
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umgHf wwiwl the jwag GeoneCer mho w9l take the tfoofale ta 
fffp their Aoa^ne ani CompoiitioD. 



PROBLEM X. 

To draw, from a given point P, the right line 
PLR, meeting the right Jiaes B A, BR, given in 
position, in L, R, 80/ ihet dcanving LM, RN, to 
make given angles with AM, DN, two other 
right lines, g^vefn in position, tde sum or the dif- 
fert^nce, of fines to which LM, tlN, have given 

mtiosy may be gifen. 
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?; 
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CONSTRUCTION. 

Fienr Cy the^MoHiWtikw of AB, DK, dsMt C% CF» Aialai^ 
the jprea itoglet i»ifh AM, DNy aad meeui^ AMy BD, at R, 

F: take CH:CE^alld' GF: 1^1, equal* the given ratios^ and 

E 
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join D) I : draw DK parallel to FC, and equal the given Sum, 
make CE : C A»DK : CO, and let KQ, parallel to ID> meet 

BD at Q. 
Then draw, by Problem I. PLR, 8o» that AL : QR==CO : 

DQ. 

DEMONSTRATION. 

Join A, H : A, E : draw LMT, RNG, parallel to CE, CF, 
meeting AH, AE, CD, KQ, at M, T, N, G, and let ID 

meet RN at V. 

Because of parallelt , 

LM:LT-CH:CE, 

And 

RN:RV=CF:Fr; 

Or LT, RV, are the lines to which LM, RN, have the given 

ratios. 

Also, VR+RG=VG«DK«the given Sum. 

It onlj remains to be shown, that LT«RG: 

By the construction, 

DQ:QR=CO:AL, 

And by parallels, 
DQ:QR=DK:RG; 
Therefore, 
DK rCO=RG : AL=CE : CA«=LT : LA by the construc- 
tion and parallels ; 
OrLT^RG, 

When the Differenccy of LT, RV, is supposed to be given, the 
point K must be taken on the contrary side of D : the other 

parts of the construction remain as in the preceding case. 
This problem is the same as, Through a point P, given in posi- 
tion, to draw a right line PLR, cutting off segments, AL, DR, 
from two right lines ffs&x in position. Such, that the Sum or 
the Differepce, of lines to which those segments have ^vea 

ratios, shall be given* 
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To which Problem, we may give the foDowing ConttraetMo: 




K I B L H A C 



Praw PA, take AC»=the given dif&rence, PA : AQ, and DBi 

CM, equal the*given ratios; also QE parallel and equal, to 

MB, and KfiF, making BF : 6K=:t)B:CM: then draw 

PVRL, by Problem I. so, that VE : BR=KF : FB. 

Dnw HI parallel to FK, join E, I; and let QH be parallel to 

EL 
By the construction and parallel lines, 

BF : FK-BR : VE=BR : RI ; 

Or YE equal and parallel to RI ; 

That is, 

EI, QH, are parallel to PL : 

And therefore, AP : AQ= AL : AH the first given ratio. 

Now, as AC =the given difference. 

It only remains to show. 

That DR : CH= DB : CM : 

Obviously, HI=QE=MB, and consequently IB =HM: 

Also, by the construction and parallels, 

BF : BK=DBi CM=BR : BI, 

Then, 

BR : BD=BI :CM=HM : CM; 

Hence, dividing and alternating, 

DR:CH=:DB:CM. 

The point M must be taken on the contrary side of C, when 

D lies on the other side of B : and when M falls on the other 

side of B, QE must be drawn in the opposite direction. 



9i 
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Wkmdm AOPfl^dJAD 19 frr d«» fiflw ia( ftwlincfy Crnvt be 

taken on the contrary side of A. 
The drawing of KEF, in the above construction, making BF: 
BK= DB : CM| is only drawing, through the given point £, 

a right line, parallel to a line given in position. 
A £flmnt solution is giren to this problemj^ in .the Book on 

Analysis, Problem XXVIL 
Questions 686| and 766, Ladies' Diary, are particular Cases of 

this general Proposition. 



PROBLEM XI. 

From two giv^eq pointa P| Q» to diniw the paral- 
lel lines PEy QVf malting two liofis AR, AV, 
given in position, at R. V, and cutting off, from 
thofse lines, segments KR, LV, having to each 

other a giyen ratio^ 
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CONSTRUCTION. 

3raw PB, QD» parallel and equal, to KA, LA, respectively) 

dao DIF9 makiiig AF : AI= the given ratio. Then, by Prob. 

L draw BH6, so, that AH : DG = AF : FI. 

ParaDels to BH, through P, Q, are those required* 

DEMONSTRATION. 

Draw PR, QV, parallel to BH ; also HE parallel to FI, and 

join D, E. 

By the oonstructipn and yaralleli, 

AF : FI ;s=4H : DG :;= AH : HIS, 

Or HE is equal 9nd iiaraD^ tp GP ; 

Then, PS iseqoal 4Qd paralld to <;fH Off QV: 

Thatis, 
DQ= EV= AL, and theMbre^V L ?fEA. 
AI90, PB=? RJI=^ KA, and consequ^oUy, Kft^^ AH; 

Hence, , 

KR : LV :?=AH : AB =AF ; AI, 

The given ratio. 

« 

When K or L is posited on the other side of A, the line PB 

or QD must be drawn in the opposite direction. 
When the segments AR, AV, are to have a given ratio ; draw 
PCF, making AF : AC= that ratio : then QYAf drawn, by. 
PlreUem L ao, that AV : PMs= AC : CF, determines the posi- 
tion of QV, PR. 



V 
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OTHERWISE. 
Draw QL, KD, making the angle AKD= QLA^ and KD: ) 
QL= the given ratio : Then drawing, by the General Prob- 
iem, PR, DR, making the angle LER=: KDR, it is done. 

Draw QV parallel to PR. 

By the construction and parallels, 

The angle DKR=QLV, and the angle K DR=LER=LQV; 

Or KDR, LQV, are equiangular triangles, 

Having KR : LV =KD : LQ the given 

Ratio. 

The Construction for the ratio AR : AV will be 
much the same as the above* 

In this case, draw QA, AF, making the angle RAF=:LAQ, 
and AF : AQ =the given ratio : then, by the General Prob^ 
iem, draw PR, FR, making equal angles with AQ, AF| k 

is done. 

Draw QV parallel to PR. 

Then, 

Since the angle RAF= VAQ, and VQA =RFA; 

The angle QVA= FRA, 

And consequently, 

AR : AV= AF : AQ, 

The given Ratio, by Construction. 

This Problem is the same as the first Case of Question XX. 
Leeds Correspondent : the preceding furnishes an elegant De- 
termination of that Case. 
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PROBLEM XII. 

The point P and the right lines AB, BD, DA, 
are given in position : to draw the right line 
PILQ, meeting the lines given in position in I, 
L, Q. so, that the segments IL, LQ, shall have 

a given ratio. 




CONSTRUCTION. 

Draw PB£» £F, making PB : BE=? die given ratio, and £F 
parallel to BD : Then, by Problem I. draw PQF so, that 

AQ: £F=AD:DB. 

DEMONSTRATION. 

Draw QH parallel to DQ, and join H, E. 

By the construction and parallel lines, 

AD : DB= AQ : FE =AQ : QH; 

Or FE is equal and parallel to QH : 

That is, 

EH is parallel to FQ or PQ, 

Therefore, 

PB : BE =BI : BH =IL : LQ, 

The given ratio by the Construction. 



» 
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OR THUS. 

Haying drawn PB# «id ukest PB&BG= the given ratio 

by Problem XI. draw the parallels PQ, EH, so, that 

Aa<AlI±ttAD:ABi. 

Dtaw^QH. 
. By the comtnictiDDt- 
[ AQ:Ab==AD:AB, 

Or (JtH is paralfel to DB : 

Whefefdr^ 

PB 2 BE= BI : BH =IL : LQ, 

The given Rado. 

This Example is taken from Simpson's Geometry : see Problem 

XXXVII. page 242. fourth Edition. 

We hence deduce and determine, the foQowing Problems. 

Through a given poinCi to draw a straight line, constituting, 

by its intersection with two lines given in position, a Trian^ 

of a given magnitude. 
Three right lines and a point, are given in position : to draw a 
line through the given point, intersecting two of the given lines 
in two points such, that the Sum or the Difference of the Per* 
pendiculars, from' the* points df interseGtion, upon the refiiaining 

litid, shall be given. 
Through a given point, to draw a right line, cutting off seg- 
ments, from two lines given in position, that shall contain a 

gfven* Rectangle. 
The kst Dadiietiott itf tbe sa*M m Ftolkm^ I. B. IL 



i 
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S3 



PROBLEM XIII. 

Given the Chord and the Tangent, to assign the 

circukr Arc. 




CONSTRUCTION. 

Take FL| and FA= AK, eqaal the given Chord and Tangent 
respectiTely, the angle FAK= AKR a right an^rle, and join 
F, K. Then, by Problem I. draw LQR, making FQ :KR= 

FL : FK| it is determined. 



DEMONSTRATION. 

To AF, applj KI= KR, also AD, to KI, equal AK : make 
RM= LF, draw DF ; ako DB, D£, perpendicokr to AF» 

AD. 
We ahall showi that E is the centre of the ie<pured Are DI. 

Obviously, 
The angle AKI = ADI =BDI, and IAD= DDE; 
Or the angle DIE:=ID£y and therefon^EI =ED : 

F 
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That 18, 
The Arc to the centre £ and the Radius ED» poues through I, 
and has i$B Tangent DA, touching it at D, equal the gi^ea 

Tangents 
Again, hy the construction and parallels, 
FQ : FL= ER : KF =KF: KM, 
Or KP =KR . KM =KI . KM= KI • KD, 
Because (^the equal angles KDF, and KFI *• 
Then,KD«KM; 
Hence, as KI equal KR, 
It follows, 
That IDb= RM =LF, the given Chor^ 



The Construction might have been referred to Problem XL 
thus, having taken FL, FA, AK, as above, and joined F, K^ 
draw the parallels LQ, KV, so, that FQ : LV= FL : FK; 

apply KI= LV, and bo on, as in the preceding^ 
The young Analyzer will readily recognise our II. FrohleBi in 

the albove. Constructions. 
Also, with a little attention, he will, henoQ,^ dqnw/Solatiooa to 

the following Problems* 
Given the hypothenuse, and the line bisecting the. right an^^ 

to determine the trian^e^ 

To determine the right angled triangle, there are given, one of 

the sides, and the perpendicular Horn the. right an^, upon the 

line bisecting the angle X)ppo6ite tp the givc^i side* 

.From.the pobt A«.in» the line AD> to draw AE, to B, a point 

in the perpendicular D£, such, that the right line bisecting the 

Angl0^ AEQ, ahaUi touch' a. given Circle^ to the-tentre D. 

In the line DH, perpendicular to DG, a radius of the given 
circle DGl, is the point A : to draw the Tangent PJ, touch- 
ing the circ^e at I, so, that joining the points I, A, and draw- 
ing PH parallel to I A : the segments ADy AH| shaD be equal. 
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OTHERWISE. 
With the Tangmt AP, deicribe the Semidfde FDE, ma&e 
AB=SAy= the Chord, the eagle EBHF=B£H^ha]fe 
nght aogley end PAL =FVI= a right ttigk : thee, by Prob- 
lem h^am PLQ, io» that AL-. HQ-EB : BH ; it ie .deter* 

ipjiiftdi 



DEMONSTRATION. 

Draw QM perpendicular to EP, meeting EH at R, and the 
Senucirde at D; also DI, through B, to VI at I : drawing 

AI, AD, AR. 

W« have to ihow, that the Aic having the Ceatie I, and 

Radiuf IBy is the one requtied. 

Aa in the preceding, we prove, 

That IA»IB, 

Or the Arc pastes through B, A« 

And, as AB, AD, equal the ^ven Chord and Tangent, se- 

spectively, we have onlj to show, that AD touches the Arc at A. 
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By CoDBtructioii and similar Tnangfea, 

AL:HQ=EB:BH=RQ:HQ, 

Or ALrsRQ ; 

Akoy AL» RQy are pan]lel» 

Then, PQ, AR, are parallel ; 

Hencei PM : MQ» AM : MR»PM : MB«=AM : ME, 

And 
PM . ME:=:BM . MA:=:MD* ; 
That 18, the Angle DAB«:MDB=::BIV«AIV : 

Consequentlj, 

Angle AIV+IAV=DAB+1AV-IAD, a right Angle; 

Or DA touches the Arc B A at A. 



In this Case also, 
Having described the Semicircle, take AB, AV, and draw EH, 
BH, as above : then, by Problem XI. let the parallels PQ, 
AR, be drawn, maldng HQ""HR : produce QR to the cir- 
cle at D, and draw DBI. 
We have selected this Problem from' the Leeds Correspondent, 

Volume II. 

Question 633. Ladies' Diary, and Question 90. Dr. Hutton's 

Miscellanea Mathematica, as also the VIII Problem, page 12* 

Lawson's Synopsis, are determinable by the preceding. 

We further obtain several nmple, but pleasing ProblemSy wb 
Deduttions from the above ; the following is selected. 

The line AD is perpendicular to the radius DG of the giveo 

ciide DIG : to draw AIE, making £1 —ED. 

Figure to the first Construction. 
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PROBLEM XIV- 

Given the pwnts B, D, in the right line AQ ; 
to determine another Point P, in QA produced, 
such, that the rectangle of the segments PQ, 
PD, shall have, to the rectangle of the segments 

PB, PA, a given ratio. 




CONSTRUCTION. 

Draw^ in anj position, the ParaDeb BR, AI, take DA : AI«> 
the giTen ratio, and let AL, bisecting the angle HAI, meet 
DI at L : Draw, bj Problem I. QRE, making BR : ELa- 
lA : AL ; and £P parallelto lA or RB. 



98 OfiOMETJirCAL AMUSEBCEirTS* 



DEMONSTRATION. 

Let BP IntefBeot DI at F/ and draw BF« 

Bj the ConBtnictiQii and ParaDdt, 

BB:EL^IA:AL:=F£:EL, 

Or BR= FE ; 

And BR is parallel to FE, 

Therefore, BF is parallel to RE or QE : 

Also, the angle E AI= E AP = AEP, 

Or EP= PA ; 
And PQ: PE= PB : PF= PQ :PA ; 

That is, 
PB.PA=PQ.PF. 
Hence, PQ . PD : PB. PA=PQ. PD: PQ . PF 

=PDi PF=AD:A1, 
The ffYca ratio. 



The same Construction determines P, when it is proposed to be 

found between the points B, D. 
Piroblem XI. instead of the I. might here have been used, as 

onr Auxilmy Prcilem. 
Thus, take AI, DI, AL, as aboye : then draw the paraQeb 
Q£, BF, so, that LE : LF sL A : LI ; and EF determines P. 
The two Cases of this Problem, form the XYIL and XVIIL 
Problems, B* II. Professor Leslie's Geom. Anal. See also 
Problems XI. and III. pages S6» and S9t Wales' Restitutiou of 

Apoli:«onii;s, on Determ.^ Sec. 
The preceding Construction furnishes us with Solutions to the 

following Problems. 
In a right line, intersecting two circles, gl?en in position and 
magnitude, to determine a point such, that Tangents to the 



giren Ciidesi fiom the point to deternuiied, shaB hafeto each 

oclier a given ratio. 

Gtten the two ndes, and the Sum or the DiAicnoe, of two. 
lanes to which the aegments of the Baae^ by a Perpendicular 
firom the irertical Angle, hare given ratioa, to detennine the 

Trian^^ 

To determine a point P, in the right line paaring through the 
Centers of two given CircleSy 8uch> that drawing PQR at right 
angles to the ^ameten, to meet the cirdes at Q, R : the ratio 

(^ PQ to PR shall be given. 

To add to a given fine, or to take fiom it, another line socl^ 
that the Di£&renoe between a |pven Square, and the Square of 
the compound Linci or the Square of the remaining Line^ shall 
have, to the Di£ference between another given Squarsi and the 
Square of the liine added to, or taken fSwmi the given Line, n 

given Ratio. 



/■• 



il I , II 



40 QEomnutcAM, sMVfosmxtmk 

PROBLEM XV. 

Given the Sum or the Difference, of the Hypo- 
thenuse and one Side, and the segment of the 
Hypothenuse, adjacent to that side, made by a 
perpendicular from the right Angle, to determine 

the Triangle. 




CONSTRUCTION. 

Take, in any poBitioui AI= IK the given Sum or Difibrence, 

APy paralld to IK, the ^yen Segment, and join A, E. Drair, 

by Problem I. PQL, making AQ =IL : then LB, parallel to 

KA| determines AB, the Hypothenuse* 

DEMONSTRATION. 
Take BF=AP, appljr, to the perpendicular FD, BD^'BI, 

and draw DA. 
It is to be shown^ that ADB is the required Triangle. 

Since BD= BI> 
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We have AB+ BD« AB+BI»AI the giten Sum or Diftrence. 

Ako, BFo-APthe given aegment. 

It only remains, that we prove ADB a right Angle. 

By parallels, construction, and equals, 

QA : AP= QI: IL»IL : BF-BA : IL-IB : BF= 

B A : BI»BD : BF-BA : BD ; 

That is, 

BFD, BDA, are equiangular Triangles, ' 

Having the ang^ BFD—BDA, 

Equal a right angle. 



We might have gifen, to the Constmction of this Problem, the 

form of the XI. 

Take AI, IK, AP, as above ; draw AK, and IE perpendicu- 
lar thereto: then, let the ParaDels PL, AR, be drawn, making 
IL : IRal A : 2 IE : the point L is determined, and hence 

the whole. 

In our References to the XL Problem, the Demonstrations 
have been left, as Exercises for the Student. 

When, instead of the adjacent, the alternate Segment AF, of 
the Hjpothenuse, is given, the construction becomes extremely 

easy. 

We add the following simple Deductions, as Subjects of further 

Inquiry. 

To take from, or to add to, a given line, another line such, that 
the rectangle under the remainder, or the Sum, and another 
given line, shall be equal to the Square of the Segment taken 

from, or added to, the g^ven line. 

Given, two lines, to determine another line such, that adding it 
to one of the given lines, and taking it from the other ; the 

O 
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rectangle luider t2i^,S«MQ ^ die Part added, shall be equal tlie 

Square of the Difienence* 



■4 t 



w f 



y I 



The line FD is perpendicular to the given line AFt : to draw 
ADy to a point in FD^ so, that making ADB a light Angle, 

IB shall be equal to BD. 

From the centre A, of the given circle A IN, to deflect the 

right lines AN," AD; inclndinga light Angle, meeting the ar- 

de at N, and a perpendicular FD, to the Radius AI, at D ; 

so, that the points N, D, I^shallbe in the same right line« 

• — ~ -» . . - 
To describe a Circle that shall have its center in the line^ lA, 

pass through I, and insersect the riglit line FD, giTlen in posi- 
tion, in D, so, that DA, b^g drawn, shall be a Tangent to 

. . • the Girekp x » 
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PROBLEM XVL 

*rhe point P aad the right lines AK, AL, are 
given in position : to 4raw the right lines PQ» 
PR, indwiiffg a gtven Angle, alld emtting off 
segments KQ» LR. from the Ifnfts AK, AL, 
that shall have a givtsn Ratio. 




CONSTRUCTION. 

Draw PK, PB, BD, LG, making KPB =thc given Angle, 

PB =PK, the angle PBD«RLG=PKA, and PB:LG= 

the given Ratao : then, by the Genend Problem^ drawing PR, 

GR^ Dudking the angle BPR a=LGR, it is detennined. 



44f OEOMETBICAL AMUSEMENTS* 

DEMONSTRATION. 

Draw PQy makmg the angle RPQ= BPK : the intersection 

of PR| BD, being at D. 
By the constnictioo. 
The angle RPQ= KPB equal the given angle. 
Or the Angle KPQ =BPD= LGR ; 
Alsoi the Angle PKQ= PBD =RLG, 

Therefore, 

The angle PQK =PDB=: LRG ; 

That is, 

KPQy BPDy LGR, are equiangular Triangles, 

Where 

PK : KQ= PB : BD=LG : LR = PB : KQ, 

Because of the equals PK, PB : 

Whence, alternating, 

KQ:LR=PB:LG 

Equal the given Ratio, by the Construction. 



The same method of Construction, somewhat simplified, may 
be applied, when the Segments AQ| A R| are to have a g^ven 

Ratio. 
Or, in this Case, 
Join P, A ; make APF-«the given angle, PF » PA, the 
angle PFI= PAQ : and draw, by Problem L PRI, making 

FI : AR =the given Ratio. 

Draw PQ, making the angle RPQ»»FPA. 
By the construction, 
The angle PFI= PAQ, angle IPQ== FPA, 
AndFP=PA; 

Then, 



GEOMETRICAL AMUSEMENTS. 45 

The aa^ FPI = APQ, angle FIP = AQP, 
And the Triao^bB FIP^ AQP, eguiangnlar, and mutuaDj equal, 

Or AQ=: FI : 

Thatisj 

AQ:AR=:FI:AR, 

The^Ten RatiO| by the Constnicdom 




Thk GXNiRAL Cask othxrwisx. 

Draw PL, KB, PM, PH, making PBK =the giyen angle, 
PM parallel to KA, the angle MPH= PL A, and PD : PL 
=the given ratio : then, by the General ProUem^ drawing 
KM, DM, so, that the angle BKM =HDM, it is determined. 

Draw PQ panM to MK; also, draw the parallels PR, LF, 
making QPR equal to the giten angle. 

Because of parallel lines, 
The an£^ RPQ= KFL =KBL, 
Or the points K, F, B, L, are in a drde, 
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Therefimv th^ »og]e BLF= BEF =PDM= LPR, bj the 

' Construction and ParaUdB; 
Hence, PDM, LPR, are equumgular Triangles ; 

Tliatis^ 

PM : LR=PD : PL=KQ : LR, 

Because of the Equab PM, KQ : 

Or KQ : LR equal the given Ratio. 

This ConstBuction admits of an elegant Application to the par* 
ticnlar case, where A, K» L, are coincident. 



FR03LEM XVIL 

The points P^ B, and the right lines AK, AL» 
are given in position : to draw the right lines, 
PQ, BR, to include a given angle, and to cut 
off, from the lines AK, AL, the Segments QK, 
LR, that shall have a given Ratio. 




CONSTRUCTION- 

Join Py B, draw KD pamllel and equal to PB, and DF paralle} 

to KA: tben^ by Prablem XVL diair BP, BR, oontmnkig 

the gnrep angfe> and making DF : LR=! the given Ratio. 

DEMONSTRATION. 

Draw FQ parallel toDK, and join the Pointi P and Q. 

The of^Kwite Sidei of the Quadrilateral KDFQ are parallel. 

Therefore, QF =KD, and QK=:FD : 

Ako, by the Constmcdon, 

PB=KD, 

Theuj QF=PB ; 

The liner QF,. PB, are also parallel, 

Then PQ is parallel to BF; 
Or PQ, BR, contain the given angle. 
And, because of Equals 
QK: LR»FD : LE 
Equal the given Ratio. 



Besides the XVItL XIX. and XX. Probkm8,to which we have^ 

applied- the two preceding ones, aft Auxiluuy ProUewu, Hft 

present^ to the ardent Student, the foflowing Deductions. 

The right lines BM, DN, and the point L, are given in posi- 

Usm : to draw LM so, that making the angle LMN of a givep 

magnitude, the Ratio of BM to DN shall be given- 

Given in position, die Points L, V, and the i^t^I^es BL, 

BM, DV, DN :. to draw LM, VN, maHng.e<]p]alaiiglea with 

LiB, YD, so, that the right Lone passing through the point» 

M,H| shaii nake a given aii;§^ with LM or VN- 



^: 
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PROBLEM XVIII. 

To describei through a given point P, a Circle to 
touch two right Lines VA,VB, given in position. 



TlllWlii M^n , i^ji 




CONSTRUft^riON. 

Let PA, PB, be perpendicular to VA, VB : Then, by Prob* 

lem XVI. draw PT, PR, including an angle equal half APB, 

and making VT=s VR : the points of contact are T, R. 

DEMONSTRATION. 

Describe, through P, T, R, the circle PTR, and draw TQ, 

RQ, to the centre Q. 

The Circle passes through the given point P : 

Also^ the Angle TQR =Double TPR= angle APB, 

By the drcle and construction : 

That is, equal the Supplement of angle TVR : 

Or the points T, Q, R, V, are in the Periphery of a Circle, 

And therefore, the Angle VRQ+ VTQ equal to two right 

Angles. 



r«»B>^-— 



■•»» 
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Now, VT= VR, and QT =QR, 

Or the Angle VRQ = VTQ ; 

CfHuequenttyy 

The AnglesVRQ, VTQ, are right Angles : 

Or the Circle touches V A, VB, at T, R. 



Or, bt Problem L thus, 

Draw PA, PB, as before ; also PV, PL, LH, making the 
angle VPL= Half APB, FL= PV, and the angle PLH= 
PVA : Lastly, by Problem L draw PRH so, that VR=LH. 

Describe a Circle tliroogh P, to touch VB at R : To demon- 
strate that the Circle, so described, b the required one, we shall 
leave as an Exercise far the joung Geometer. 

The following Dedncdon is added. 
In each of two right lines, given in position, to determine a 
point, such, that a line passing through those points shall be 
parallel to another line given in position, iand, that a Circle, to 
contain a given Angle, being described through the same pointSi 

shall pass through a given Point. 
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PROBLEM XIX. 

To describe a Circle through a given point P, 
such, that parts of the Circumferencet subtend- 
ing given Angles, may be cut off, by two right 
Lines AB, AC, given in position. 




CONSTRUCTION. 

Draw PF, PM> PG, PL^ LR> making F, G, right Angles^ 
FPM, GPL, equal Half the given Angles respectiYelj ; and 
PK=.PL: then, by Problem XVL draw PB, PC, to con- 
tain an Angle equal the Supplement of Half EPL, so, that 

AB : AC«AR : AL. 
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DEMONSTRATION. 

Deicribe the required Cirele thfoogk P, B» C, btenecliog AB, 

ACy again, at E, H ; from the centre Q, drew the perpendicu- 

]ai«QD,QI: and join Q,B; aC; B, C. 

By the Cixde and Conitractiony 

The Angie BPC equal the Supplement of Half the Angle 

BQCorofHalfKPL; 
Or the Angle BQC-KPL : 
And therefore^ the iaoceles Triangles BQC, KPL| are equi- 
angular. 
NoW| by the Conttnictioa» 
AB : AC- AR : AL, 
Then BCy and RL or KL, are paraDd; 
Henoe, became of equal Angles, 
BQ is parallel to KP or MP ; CQtoLP; QDtoPF; and 

QltoPG: 
Then, the Angle BQD-MPF, and the Angle CQI-LPG ; 

Whence, 

2 Angle BQD»2 MPF, and 2 Angle CQI =2LPG, equal 

the given Angles, by the Construction: 

That is, 
The Angles subtended by the Ares BNE, CVH, are equal 

thegi?en Angles. 

This Example is the same u Prol^m XLVL Appendix, 

Simpson's Algebra. 

Among other Deductions, we notice the following. 
Two right Lines and a Point, being given in position : to de- 
scribe, through the given point, a Circle such, that the Seg- 
ments intercepted, between the point of Concourse of the lines, 
or between given points in the lines, and the intersections of 

the Cirde, shall have a given Ratio to each other. 
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PROBLEM XX. 

To describe a Circle that shall touch two right 

lines YA» VB, given in position, and also a 

Circle^ given in position and magnitude. 




CONSTRUCTION. 

Let the Radii PK, PL, be perpendicular to VA, VB : then, 
by Problem XVII. draw KT, LR, making the included Angle 
KIL =:Half KPL, andVT =y R : the points of Contact arc 

R, T, I. 



DEMONSTRATION. 

Through I, T, R, describe a cirde, of which, let the Center be 
Q : draw IP, IQ, TQ, RQ; and let KP, LP, meet VA, 

VB, at A; B. 



■*■- 
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The An^ TQR, 2TIR, 2KIL, KPL, APB» are equal to 
each other, and each of them equal to the Supplemeot of the 

Angle TVR; 
Or the points Q, T, V, R» are in the Periphery of a Circle \ 

Then, 
The Aqg)e VTQ+ Angle VRQ«Two right Angles ; 
Ako, (1T=QR, and VT-VR, 
Or the Angle VTQ-VRQ ; 
That is, 
VTQ, VRQ, are right Angles : 
Or the Circle touches VA, VB, at T, R. 
Moreorer, because of paraflels and equals. 
The Angle PKI»QTI-»KIP-»TIQ, 
Or PIQ is a continued line; 
And consequently, 
The Circles touch at L 



It seemed superfluous, to prove, that the point I could not M 
otherwise, than in the Periphery of the Circle PKL : to the 
doubtful Geometer and the Tyro, it wiU furnish a simple Case of 

the ' Reductio ad abaurdum/ 

The foUowing Problem presents itself. Two points and three 
right lines bang giyen in position : to draw a right Line ma- 
Idng a given Angle with one of the Lines, and meeting the 
femaining ones, so, that Hues, drawn from the points of inter- 
section, to the two given points, shall either include a given 
Angki or have their point of Concourse in another right Line, 

given in position% 



\ 
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PROBLEM XXI. 

Given in p'isitiou, the points P, Q, R, and the 
right Lines AK| AL : to draw the parallels 
PK, QL, meeting the Lines given in position, 
at K» L, so, that the right Line passing through 
the points K, L, shall also pass through R. 




CONSTRUCTION. 

Draw RB parallel to AK, job P, R; Q, B: makethe Angjle 
PRD» ABa and BQ : RD = AB ; PR. Then, by the G«mp- 
ral ProUemj draw DV, QV, so, that the Angle RDV = 

BQV : it is done. 
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DEMONSTRATION. 

Let QV meet AB at L» draw PK panDel to QV or QL : 
Afaoy VI, PHy parallel to RB, meeting BH, drawn paralld to 
RP, at ly H : draw IL, HA, the latter meeting PK at M ; 

and join M, L; K, L; R, L» 
Bj the Constractioni 
The Triangles RDV, B^L, are egniangnlar, 
Or BQ : RD =BL : RV =BA : RP, 

Hence, 

BL : B A =RV : RP =BI :BH, 

And IL, HA, consequently, parallel: 

Now, HP, HM, PM, are respectively pandH to IV, IL, VL ; 

And HP= IV : 

Tberefofe, 

MH=LI, and ML parallel to HB : 

Then, 

BL:LA=HM:MA=HP:AK=BR:AK; 

Or KLR is a continued Line, 

That is, 

KL passes through R« 
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OTHERWISE. 

Let PQ meet AL at C, take €1= QP, draw IH, RQ, HD, 
making IH parallel to C A, the Angle AHD =PQR, and RQ : 
QC== HA : HD : then, by the General PrMem^ drawing 
RK, DK, so, that the Angle QRK =HKD, it is determined. 

Draw KP| LQ : also KE parallel to HI or LC, and produce 

RL to PQ at B. 
The Triangles RQB, KHD, are obviously similari haying 

RQ : QB ==KH : HD, 
Or RQ . HD= QB . KH=: QC . HA, by Constnictioii ; 

Then, 

QB :QC =HA : HK= IC : IE =QP : IE, 

By paraDels and equals; 

Hence, alternating and compounding, 

BE : BC =BP : BQ= BK : BL, 

Because of the parallels KE, LC : 
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Or PK, QL, are paraOeU 
And KL passes through R. 



The point M, the intersection of PQ with the other line AK 
given in position, might have been used, in the above, instead 

of the point C. 
Hence, when PQ is patalld to either of the lines AL, AK, 
given in position; bv its intersection with the remaining line, 
we are enabled to apply the preceding Construction. 

Or in this particular Case, we may assiga the 
position of RKL, as follows. 

Let the line IF, passing through the given 
Points I, F, and meetiog AK at H, be parallel 
to AL, one of the lines AK, AL, given in posi- 
tion : to draw the parallels IK, FL, so, that 
KL shall pass through R : or, to assign such a 
position to RKL, that IK and FL shall be 

parallel. 

Draw IR, AV, making the Angle HAV= HIR, and IR : 

IF=AH : AV: Also, by the General Pro6iem, draw RK, 

VK, so, that the Angle IRK= AKV. 

The Demonstration is omitted : it may be advantageous to the 
advancing Student, to dentonstrate the Parallelism of the lines 

IK, FL. 

A simple and elegant solutioui to the second Case, of Question 
XX. Leeds Correspondent, is hence obtained. 
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Determine the foUoWing, by appljiDg'tKe XI. as an Auxiliarj 

!.i.- Problem. . . i 

To construct the QuadrilatecaU when one side is 
given in length and position, the two sides ad- 
jaceDt to the given one, are parallel, the remain- 
ing side passes through a given point, and the 
angular points, at its extremities, are posited on 
two right lines, givw in position. '' ' 



I ' ...I 



:' I . ' ■ I i 



'■ i-i ■■■ 






PROBLEM XXII. 

f 

Tlie point R, and th? lines DK, DB, are given 
in position : to draw the lines RL, RA, meeting 
the Lines given in position, at L, A ; and 6, 
H: 80, tb»t the ratio of KL to I#A shall be g^T- 
• en^ and the Segment GB, of a given length. 



" ' 'j\ir 



CONSTRUCTION. 



•• - ' • ' t;tJNN« Klliri IfftN-: . -...» *' I 



( ( * « » • 



Jmn K, R ; mabs KR : RP— the giren Ratio, and RQ, pa- 
nM to DB, equal the given Line t then, by Problem XXL 
draw the pandleU PA, QB, so, that AB shall pass through 

the point R. 



««oMSTucAi. AuausMsam, 
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DEMONSTRATION. 

Draw RGL parallel to PA or QB, 

Because of parallels, 

KL:LA-KR:RP, 

The gi?en redo ; 

Abo, 

The QuadrUateral QB6R, is a ParaBeiograam 

Or GB-RQ ; 
That isy , 
GB 
Is equal the given Line. 



M 



'' I 



The 204th Question, Lbtbourn*8 Rbpositoet, is a par-* 

ticukr Case of this^Prbhlem. See page 441. Old Series. 
We giye the following deduced Problem, as a subject of further 

;' Inquiry. J .'. 

The point R» «ud the lines AL, M]^^^J)F^J 






t V 



60 eEOMBTBICAL AMUSEMENTS. 

are giren in positiooi of which, MN, £F, are 
parallel : to inflect MV, NV, to a point V, in 
EF, such, that making MI:1V=NH:HV 
equal a given ratio, and drawing RA, RL» 
through I, H ; the right lines passing through 
the points M, A ; and N, L ; shall be parallel. 



PROBLEM XXIII. 

Given in position, the point E, and the right 
lines AB, CD, EF, AC : whereof AB, CD, 
are parallel : to determine the position of BD, 
parallel to EF, so, that drawing EB, ED, meet- 
ing AC at K, L ; the intercepted Segment KL 

shall be given. 



CONSTRUCTION. 



Let £F meet AC, AB, at F, G : make £Q»F6, and £P, 
parallel to AC, equal the given Line : Then, by Problem XXI. 
draw the parallels PL^ QD, so, that DL ehali pass through E« 
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DEMONSTRA'nON. 

Draw DB paraUel to F6, and let EB meet C A at K. 
The Quadfilateral BDF6, b a Parallelogram, 

Or 

DB-FG-EQ, 

By CoDstnictioii ; 

Then EBDQ also, w a Parallelogram, 

Or EB, £K, parallel to QD, PL : 

Also EP is parallel to KL, 

Hence, 

EKLP also, is a Parallelogram, 

Or KL-EP : 

That is, « 

KL 
Is equal the given Line* 

A more general and pleasing Form may be given 
to this Problem, by supposing the point £ to be 
any how posited, and the position of BD to be 
assigned, making a given Angle with FG, instead 

of being parallel to it. 
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<i 



In this Cass, , 

Make GFI^equal^he < gfiiwn Angle, EQ {ifaraH^lbnd ecpial, to 
IF ; £P eqimi'tb KLy the ffyen Segment,>ABd>paJtaflel to the 
line on whioh that Segment is to be intercepted : from P^ Q, 
draw, hj Problem XXL the parallels PL, QD, meeting the 
lines KL, FD, so, that IkD sfaaK pass through the pomt £• 

I ■»'»'- • - - 

The rest may be supplied hy the Re^ader. 

This Generalization,^ and the original Prpblem, are only par* 

ticular cases of the following Enunciation. 

Given in position, four right lines and a point : 
to draw, from the given^int, two right lines 
that shall intercept, on one of the right lines 
given in position, '-a Segment of si given length, 
and meet two of the remaining lines giyeii in ppsir 
tion, S0| that a line passing through the points^ 
of intersection, shalj be parallel | Co :, the fourth 

line given in poj^ition*: t . . 

See the Remariu ^t the end of Probkto^XXVI. B. I. 



t i'> 
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Htksmmm Cme of tint PraUem was proposed and answer- 
ed, Rnxioiuillj, in the Mathematical Companioif ; a GBOMf - 
TRICAI* Coasideration. of the same ProUem, mar be seen in 
Mo. L Vol. IV. of the Leeds CorrespoDdent. 






Wei hence, make the following obyious Deductions. 

Given, the Diagonals, the Angle they make with 
each other, and the position of one of them, to 
determine the Trapezium^, when either pair, of 
the opposite Sides, has it$ 'ppipt of concourse 

gfven in position. 

4 ^ • 

4 

Given, the Diagonals, their point of intersection, 
the Angle they make with each other, and the 
position of one of them, to constitute the Tra- 
pezium, when either pair, of the opposite Sides 
produced, intersects each other in a right line 

given in position. 






^ I 



' '. * \ 'j.t 
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PROBLlEM XXIV. 

< . . . I 

The right lines CQ, CR, and the points M, P, 
are given iif position : 'to draw the lines MQ, 
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M R, including a given Angle, and meeting the 
lines given in position, at Q, R, so, that the Line 
passing through the points Q, R, shall pass also 

^through P, 




CONSTRUCTION. 

Draw PD parallel to CQ, join D, M ; and let CL be parallel 

to DM : then, by Problem XVI. draw MQ, ML, including 

thegrven Angle, and making CQ : CL=DP: DM* 

DEMONSTRATION. 

Let ML meet CR at R, and draw PQ, QR. 

By the Construction, 

QMRsthe given Angle ; 

Also, 

CQ : DP«CL : DM«CR : DR, 



J 
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« 

Became of the Parallds CL, DM ; 

By Alteniatioo, 

RC : CQ»RD : DP, 

Hence, as CQ, DP, are paraDd, 

It foUows, that RQP is a continued line ; 

That is, 
RQ passes through P. 




Otherwise. 

Draw CM, PB, PD, DI, making PBH equal the given An- 
gle, and PD, DI, parallel to CR, CM : then, by the Generai 
PrMem, draw MI, PI, so, that the Angle CMI ==BPI. 

Let the intersection of MI, CD, be at Q. 

Make QMR equal the given Angle, and draw QR, QP. 

Bj the Construction, the Angle 

GMI=BPI, 

Or the Angles 

BPI and BMI, 

And consequently, the Angles 

PBMandP|ld, 

Are, together, 

Equal to two right Angles ; 
K 
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Or the Angle 

PIM= PBH= RMI, 

And PI, R^|[,^are^ ^^erefore, jparallel : 

Henccj because of the similar Triangles 

RCM, PDI, 

MR : IP= C Jtf : pi= CkM : QI, 

That is, RQP is a continued Line, 

Or 
RQ passes through P. 




The Line PD, in these Constructibns, may be drawn paraDel 

to either of the Lines CR, Cj2, given in position. 
This Problem has been proposed in the MathemaUcal Compa- 
nion, Question 148, page 240. 

'The following Problems appear, among other Deductions* 

One of the angular points of a Triangle is given 
in,.pg«itio»>T al«)r tbe m^gni^dq Qf .th^t Angle : 
to determine the Triangle, when the other An- 
gles are posited upon two right Lilies given in 
position, and the Side, opposite the given Angle, 
passes through a given point. 

To describe a Triangle, similar to a given Tri- 
angle, having one of its angular points given in 
position, and the remaining Angles posited upon 
two right Lines, *^ven ill position. 

To determine a Poii*t, in a right Line given in 
position, such, that drawing, thence, a Line to 
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a given point, also a Line making a given Angle 
with that drawn to the given Point, and a Line 
parallel, to another, given in position : the two 
latter shall cut off, from two other Lines given 
in position, Segments, from given Points therein, 
€f which, the Ratio, Sum« or Difierence shall be 

given. 



PROBLEM XXV. 

The points P, 'M, K, and the right Lines CQ, 
CR, are given in position : to draw the Lines 
PQ, MR, containing a given Angle, and meet- 
ing CQ, CR, at Q, -R, so, that the Line join- 
ing the Point&.Q,JQL,, shall pass through K. 



CONSTRUCTION. 



Draw PK, meeting CR at F, KI parallel to QC, make IF: 
FL= IC : PK,' and join I, L. Then, bj Problem XVIL 
draw KG, MR, including the giyen Angle, and making 

IG : IR= IL : IF. 
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DEMONSTRATION. 

Draw RG ; also PQ parallel to GK, meeting CQ^ 
RG, at Q, E : and draw CE, KQ, KR. 

Now, PQ is parallel to GK, 

And GK, MR, include the given Angle, 

Therefore, PQ, MR, include the given Angle : 

Also, by the Construction, 

IG : IR= IL : IF, 

Or RG is parallel to FL, 

And therefore, KPEG is^ a parallelogram ; 

Then GE= KP. 

Again, by Parallels, Construction, and Equals, 

IR : RG= IF : FL= IC : PK= IC : Gfi, 

Or, CE, IG, are parallel ; 

Hence, IGK, CEQ, are equiangular Triangles, 

Where IG : CE= GK : EQ= RG : RE, 

Because of parallels ; 

The Points 

R, Q, K, 

Are, therefore, in a right Line, 

That is, 

QR 

Passes through K. 
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Otherwise. 

Draw MR, PD, making MBC=PDC=the given Angle, 
meetiug CR» CQ, at •H, D, B, £ : ako, draw KH, £L, 
making Angle C£L=KHR, and HK:HM=P£:£L. 
TheUi by the General Problem^ draw KQ, LQ, so, that Angle 

HKQ= EQL. 

Join P, Q ; draw MR, making the given Angle with PQ, and 
meeting it at N : draw QI parallel to RH, and join Q, R. 

By the Conttruction, 
The Angles HBQ, HDP, MNQ, are equal, 

Or the An^ 
DHB= DEB= RHM, 

And the Angle 
NRD== NPD= QPE ; 
Therefore, 
The Triangles RHM, £PQ, are similar,* 

Having 

RH : HM= P£ : EQ, 

Or HM • PE= RH . EQ= HK . EL, by the Construction ; 

Hence, RH : HK= LE : £Q= QI : IK, because 

Of the equiangular Tnangles 

LQE, QKI; 



_>\g_ ■_ • 
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That is, 

KQR 

IS 9 continued Line, 

Or 
QR passes through K. 



The followiag pleasing Deductions are added, lor the considem- 

tion of the Geometer. 

• Given one of the Angles to ^determine the Tri- 

angldy vfken' the( sides pass through three given 

Points, and' the' remaining Angles are posited 

up6h two riglit Lin^s giv^n in position. [ 

To determine the Trapezium : one of the sides 
is gi^en^in |€tngth,Qn4 pp^HipPi the side opposite 
the given lone, passes through a giveti point, the 
Angles, at its extremities^ afe posited upon two 
right £.iries,'^gtVen in position, and the remain- 
ing sides include a giyen Angle; 

Two Points ai^d two right. ,Lj|nes, are given in 
position : to draw, from ,Qne of the given points, 
two' Lines, includitig a'given Angle, meeting the 
Lines given in position,' so, that right Lines 
drawn from the Intersection^, tq the other point 
gJiven iij^ pp^iljon, shall include.a given Angle. 

Three Points and twp' right Lines being given 
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in position : to draw, from one of the given 
points, two lined, containing a given Angle, and 
meeting the Lines given in position, so, that 
JAneSf from the points of intersection, to the two 
remaining points given in position, shall be pa- 

rallelto each other. 



'•', ^ , .•. •- V 



PI^OBLEM ;!^5f;Y^ . 

The right Lines Cp, Ctt, B.G» and the points 
M, P, are given in position,;, to draw the lines 
MV, PV, having their point of concourse V, in 
the line BG, and cutibing off, from the lines CQi 
CR, the V^gmfents DQi tlR, having a given 

Ratio. 



CONSTRUCTION. 

Draw LM, DA, making the Aiigle CDA=GLM, and 
DA : LM equal the given Ratio : then, by the XXV. Prob. 
draw MVy AQ, including an Angles DCG, so, that VQ shall 

pass through P. 



» 



I 



• w*«- 
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DEMONSTRATION. 



Let MV meet CG, AQ, at R, K. 
Bj the Construction, VR, VQ, pass through the points 

M,P, 

And intersect at V, a point in 

BG: 

Also, the Angle 

QLR=QCR, 

Or the points 

C, K, Q, Rf 

Are in the Periphery of a Circle, and therefore, the Angle 

CQK-CRK«AQD«MRL ; 
Hence, as the Angle 
QDA=RLIVI, 
The Triangles QDA, RLM, are equiangular, 

Having 

DQ : LR =DA : LM, 

The given Ratio. 
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OTBtBBWISB. 

Dimw, UA, PA» GB, makmg H A» 6E| pMDel to C6» FA ; 

mud DF t GLnIA : AM equal the ffnn Bm^z thett* hf 

FrabbmiLdmw PQB» so, that FQ: GEs:IA> AP* : . 



Throng y, the Intenection of PQ, B6, draw MVR, to CO 

atR. 

By the Coutracdon, 

GE : AP=FQ : I A =VG :VA=GR: AM, 

Becaiua ofpanilU fines; 

Theo akematingp 

FQ:GR=IA:AM=FD:GL=:DQ:LR, 

The gifen Ratio. 
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OR THUS. 

Draw MP meeting BC at F ; dso, ML, PI, DA, IE, nudb- 
ing PI pamllet to GB, the Angle CDA«»GLM, the Ratio 
IF : FE=:r BI I PM, and DA : LMrr=:.the given Ratio : then, 
by Problem XVII. draw PN, AQ, including the Ang^ 
PHQaBCG 80, that IN tlQ equal IE : IF. 



Draw QN, and let AQ meet RM at K. 

By the ConstrucdoB, 

IKr:IQ-IE:IF, 

Or 

QN is paraUel to PM, 

Then, 

IF : FE =:IQ : QN»BI : PM, 

Or alternating, QI : IB= QN : PM =QP : PV, by paralleb ; 
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Whence, 

NQ:QP=MP:PV, 

Or 

PN, KR, 

fdso, are parallel ^ 
Hence, 

The Angle RKQ= QHP= QCR, by Construction; 

And therefore, the Angle 

KQC»KRC» AQD : 

That IS, 

The Tiiangles ADQ, MLR, are equiangolar. 

Having 

DQ:LR=DA:LM» 

The ^yen Ratio. 



This Problem has been elegantly solved by Professor Wallace, 
and Mr. Butterworth^ Math. Repo. VoL I. pa. 43. New Series. 

Pfoblem XXVI. leads to an easy Determination of that whidi 
we enunciated at the Close of the XXII L, which is, 

^To draw« from a given Point E, two right Lines 
£B, ED9 to intercept, on LF, a line given in 
position, a Segment LF, given in Length, and 
meet two other Lines AB, AD, also given iu 
position, at B, D, so, that BD, the Line con- 
necting the Points B, D« shall be parallel to 
another Line given in position : or, which is the 
same, that the ratio AB : AD «hall be given. 
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Join A, £ ; draw EP, PI, pftrallel to FL» AE, making £P» 

FLy the given Segment, and PV : AE«»the gi?en Ratio. 
Then, from J?, E, draw, by Problem XXVI. PL, EL, inter- 
secting at L| in the Line FL. and meeting I A,BAy at the pomts 
H, B, so, that IH : AB«PI : PV. 

Draw ED parallel to PL, meeting AD, LF, at D, F. 

The Quadrilateral EPLF has its opposite Sides parallel to each 
other, it is, therefore, a Parallelogram ; 

Or 

LF-PE, 

The given Segment : 

Also, because of parallel Lines, 

IH : IP-AD : AE, 

And, by the Construction, 

IH : IP-AB : PV, 

Consequently, 

AB : AD-PV : AE, 

The given Ration 



J 
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He following more general forms may be de- 
termined in the same Way« 

To draw, from a given Pointy two Lines, inter- 
cepting, on a Line ^ven in position, a Segment 
of a given Length, and cutting off, from two 
other Lines given in position, between the points 
of intersection and given points in those Lines, 
two ScgmeBtSibaving a given Ratio to each other. 

Given, in position, four right Lines and two 
points: to draw, from one of the given points, two 
Lines, meeting two of the Lines given in position, 
at P, Q, and cutting, therefrom, Segments having 
a given Ratio, Sum or Difference, so, that Lines 
drawn from the remaining given point, to the 
points P, Q, shall cut off, from the two remaining 
Lines given in position, Segments/ of which the 
RatiOf Sum or Difference, shall be given. 

Problem XXII. ii only a particular Case, of the first of the 

aboTe Deductions. 



As a elotUi(f Subject of Inquiry, for the Geometrician, we pre- 
sent the foHowinsr deduced Problem. 

Four right Lines and three Points, are given in 
position: to draw, through one of the given 
Points, a right Line, meeting two of the Lines 
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given in position, so^ tliat Lines drawn from the 
Points of Intersection, to the two remaining 
Points, given in position, shall make equal Angles 
with the two remaining Lines, given in position. 

Problem VIII* B. IL is a particular Case of this Deduction. 



Having given, in Cokstructiok, a sufficient 
Number and Variety of Problems, to show the 
Extent and Facility of Application, of our Gene- 
ral Problem and its Auxiliaries ; We now 
proceed to Book IL which contains a Series of 
appropriate and diversified Sketches of Analysis. 



^ * 



f 



BOOK II. 



ANALYSIS. 



K, 



• j« * 



. 9' 
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PKOSLKU I. 

The right Lines t>Q, £Ri and the point P, are 
given in position : to dr^w the Line PQit, meet- 
ing DQ, £E^ at Q^ B, ao^ tli«t the JCeetengle of 
the S^poEieDts DQy EB, shall be given. 



} I 




* «) c 



I r . , 



AWALYSiS. 

Suppose PQR drawn as required. 
Draw PD, EB, RB, mating the An^e REB=PDa ani 

die Angle 

ERB-DFQ. 

Now, 

RE is gmi b position) E i^agitM Pointy and REB equii 

PDQ, is a given Angle ; 
0» £B is given ib positiiMk 
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Ako, 
The Triangles PDQ, REB, are equiangular, 

Haying 
PD : DQ»RE : EB, 

Or 

PD . £B»DQ . ER, 

is a given Rectangle, and PD a given Line ; 

Then, 
.EB is given in Length, as well as in Position : 

That is, 
B is a given Point. 

The Points P, B, and the right Lines PD, ER, 

then, are given in position : and, we have to drav^ 

PR, BR, to R, a point in ER, such, that the 

Angles DPR, ERB, may be equal. 

This is the Gsnsral Problem. 



COMPOSITION. 

Draw PD, EB, making the Angle RE B=PDQ, and PD . EB 

equal the given Rectangle. 
Then, by the General Prohiemp draw PR, BR so, that the 

Angle DPR= ERB. 



DEMONSTRATION. 

By the Composition, the Angle 
ERB= DPR, and PDQ= REB ; 

Or 
The Triangles REB, PDQ, are equiangular, 
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HaTing 
RE : EBi-PD : DQ ; 

That is, 
DQ . ERc=PD : EB, 
The giten Rectangle* 




Otherwise. 

Suppose the position of PQR to be detennined* 
Draw PP, meeting ER at A ; also EB, RB, as in the pre- 
ceding ; and Bfi parallel to £R : the intersection of PD, 

RB, being at L« 

The line ER and the point E, are |2^ven in position. 

And REB equal PDQ, is a given Angle ; 

Or EB is given in position. 

Also, 

Because of the similar Triangles 

PDQ, REB, 

QD : DP-=BE: ER, 

Or 

DP . EB =DQ . ER, 

is a given Rectangle, and DP a given Line; 
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That 16^ 

Consequently, B, and, thenee, the Line BH, are given; 

""' Now, 
The Triangles RAL, PAR, etf^ equiangular, 
Having RA : AL»PA : AR : BH : HL, by Parallels ; 

Hence, 
AR : HL= PA : BH, 
18 a given Ratio. 

The point B, and the lines AR, HL, therefore, 
are given in position : and the line BLR is to be 
drawn, cutting off, from the Lines given in posi- 
tion, the Segments AR, H L, having a given 

Ratio. 

This is Pboblem L B..L 



, Cfi^MPOSITION. 

Dmiv PD, meeting £R at A , also EB, BH, m^ng the 
An^e REB=PDQ, the Rectangle PD.£B=tlie given 

• • < . o^ne,- and BH parallel to ER. 
Then, bj ^KoUtsn, L.draw BL, so^ that HL : AR»BH : PA. 

DEMONSTRATION. 

By tlie Con^position and Farairds, 

LH : HB=RA : AP=:LA : AR, 

Or the Triangles PAR, RAL, are equiangular, 

Haying the Angle 

APRUaRL«ERB: 



« t. 
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A]|ji>,ii)rdi6 

> An^ PDQts: BEBt or . 
The triangfet PDQ> RBB, abo, equUngular, 
' HsfiHg 
DP:DQ»:ER:EB; 

DQ.ERac:PD.EB, 
Tb« given Reelengle* 



! 



The above is the Bame as the FroUem of the Andent Geome- 
tricians, * Ds Sectiomx Spatii/ See pages 264r. and 435. 
LxsuK*8 ELXMSirT8y 2nd Edition. 



PROBLEM II. 

The Line DR is perpendicular to the diameter 
AB of a given Circle, and P is a given point, 
any how posited in DA : to determine a point 
Q, in the periphery of the circle, such, that 
drawing PQ ; and QR, making a given Angle 
with DR, the ratio of PQ to QR, may be given. 

ANAtTSIS. 

Suppose Qd^rminfd: 

Also PQ9 ^Rji^ drawn, 

and let the Center of the Circle be at 

N. 
Make AH :HB=cAP:PB, bisect PH at E^anddiaw 

QL pandlel to DR. 



I I 
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The Ratios PQ : QR, and LD : QR; are given, 
Therefore, PQ : LD, and PQ"" : LD^, ase given Ratios : 

Now, 
PQ^EL.2PN, 

Or •: M 
EL.2PNsLD* 
. is a given Ratid. 
In QL, take LI =:2PN, and let DI, and IM, a paraUel to 
BA, meet EC, a parallel to QI ; and OR, at C, M, K. • 




The points H, E, are given, 

And EC is parallel to a Line given in position, 

Or EC is given in position : 

. Also, 

> 

Because of Parallels, 

DK= LI= 2PN, 

a given Line, 

Or K is a given point. 

And KM parallel to DE: 

The Line KM, and the point M, 

are, therefore, given in position. 
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MoreoTeTy 
DL : LI= IM : MC ==:DL : 2PN= LE : MC, 

Then, 
EL.2PN=DL.MC; 
And coEuequentlyy 
DL . MC : DL««MC : DL=MC : KI, 
is a given Ratio. 

That is, 

We have to draw, from the given point D, the 

Line D1C» meeting the Lines KM, EM, given 

in position, at [, C, so, that the Segments KI, 

MC, shall have 9, given Ratio. 

This is Problem I. B. I. 



COMPOSITION. 

Having taken the Points H, E, K, and drawn EC, KM, 

agreeably to the Analysis ; make BAY equal the given Aagle^ 

TB : BA= the given Ratio, and join B, V. 

Then, by Problem I. B. I. draw DIC, so, that 

KI:MC=BV«:BT«. 



DEMONSTRATION. 

Draw ILQ perpendicular to AB ; join P, Q ; and draw QR, 

RG, parallel to VB, DB. 

By the Composition, Equals, and Parallels, 

KI : MC= BV* : Br =DL: MC= DL* : DL. MC= 

BU : EL . LI =DU : EL . 2PN =DU : PQ* 

N 
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Or 
PQ:BT=iDL:BV. 

Now, the Angle 

QRB=:=ABV, 

And Gf V, are right Angles ; 

Therefore, 

The Angle RQ6 =BA V^ QRD equal the given Anglb, 

And the Triangles QRG, ABV, equiangular, 

Or 

DL: BV= QR : BA= PQ: BT; 

That is, *^ 

PQ:QR=TB:BA, » 

» 

The given Ratio. 

THE COMPOSITION OTHERWISE; 

Take the Points H, E, and draw EC, AV, bV, BT, as in the 
preceding; make EC =ED, draw CD, and take EFr2PN 

equal B V« : BT*. 
Then by Problem XL draw the I^arailels EI, FK, so, that 

PI : DK= DC : C£- 

The Demonstradioh, and die additional, easentU Lines, are 

left, as Exercises. 
From the preceding, a Soiutioh. is obtained, to the ftlbwing 

Problem. 

The Diameter AB, of a given Circle, a point P, 
in that diameter, and the right Line MR, are 
given in position ; to determine the point R, in 
MR, such, that PQ, having a given Ratio to 
MR, being applied to the circle, the right Line 
passing through Q, R, shall be at right Angles 

to AB. 
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We liave giveoy to the aboYe^ and Problem II., a more geaefal 
Foraiy in the VL Problem, and Us Deduction. 



PROBLEM III. 

« 

In the right Line FF are given, the points G« 
E, C : to determine the Points N, D, such, 
that the Ratio of ND to DF, as also the Ratio 
of the Square of NG to th^ Rectangle ^D • PC, 

may be given. 

• 

ANALYSIS. 

Suppose the Points N, D, detarraineditf fequiied. 
Take, in any position, GQ»PC, draw FQ, NQ ; also DK, 

parallel to NQ. 
The points Q, F, and therefore QF, are given ; 

Also, 

QK : KF-ND : DF» 

is a given Ratio, 

- Or K is a given Point. 

Draw £Q; and KL parallel and equal, to £Q: also LH; 

KB; LI,HR; paraHeltoQN; DH ; QG. 

The point K is gtvea» 
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And KL 18 equal and parallel to EQ, a given Lin^ ; 

Then, 
L 16 a ^?en point. 
And consequently, 
LI, parallel to QG, 
is given in position. 
Also, because of Parallels, 
The Triangles EQN, KL6, are similar, 

And, as 
KL«£Q, 
They are also mutually equal. 
Having 
KB-EN-DH ; 
That is, 
ED =NH, 
Now, 
Because of parallel lines and equals, 
NG 2GQ=NH : HR=NG : PC-ED : LI«NG^ 2 NG . PC 

-=ED.PC:LI.PC; 
Or alternating, 
NG«:ED.PC=NG.PC:LI.PC=NG;LI, 

A given Ratio. 

Whence, The point Q and the lines GN, LI, are 
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given in position : and our Problem is, to draw 
QIN, so, that the Segments GN, LI, shall have 

a given Ratio. 

Which is Paoblbm I. B. I. 

COMPOSITION. 

Draw GQ, EQ, FQ, to any pomt Q, makmg GQ =PC, and 
QK : KF equal the first giYen Ratio ; take KL, LI, parallel to 

£Q, QG, and KL-^EQ. 

Then, bjr Problem I. B. I. draw QIN, so, that GN : LI equal 

the other given Ratio. 

After giving the Analysis and Composition 
of the Problem, we now deem it superfluous to 
add the Demonstration : if desirable, the Im* 
provement, to be derived from the Completion, 
will abundantly compensate the Labour of the 
young and emulous Geometrician ; to whom we 

recommend the Pursuit. 

The followbg Deduction has been thought too interesting to be 

omitted. 

The line DR, and the Parallels PQ, KL, are 
given in position : to draw PR, QR, to inter- 
sect at a point R, in the Line DR, so, that meet- 
ing KL at the points M, N ; the Sum or the Dif- 
ference of KN, and a mean proportional between 
KL| KM, shall be equal to a given Line. 
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PROBLEM IV. / 

An Arc, of a given Circle, being given in mag- 
nitude : to assign the position of a Tangent to 
the Arc, so, that the part of the Tangent inter^ 
cepted by Radii, through the extremities of the 
giveii Arc, shall be of a given Length. 




K £ 



')' . 



ANALYSIS. 



l^t the required Tangent KL touch the given circular A«b 

BD at T. 

Draw, touching the circle, at B, D, the Tangents BP, DP, 

intersecting the radius QT produced, at M and R. 

The lines BM, PR, are given in position. 

InBP, 
Take BE=KL, BI=IE, and IF-IP. 
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Thea BP, tin BE, and therefore BI ;are gifen ; 

Hencei 

PI, IF, PF, and BF, 

are given Lines, 

Or F 18 a giv^B point, in BM. 

Now, obviouBlj, 

BP=DP, TK-DR, TL=B.^f, and TK+TL;=KL=. 

DR^-BM=-2BP+PF. 

Also, 

DR=DP^PR=BP— PR, 

And 

BM=BP+PM: 

That is, 

PR= PM— PF=FM, 

Whencb, 

The point Q, and the Lines PR, FM, are given 

in position, and P, F, given points in those lines : 

to draw QRM. cutting off, from PR, FM, the 

equal Segments PR, FM. 

This is a FARTicuiiAR Cask of Probcem L B. L 



COMPOSITION. 

To the given Arc BD, draw the Tangents BP, DP ; in BP, 

take BI equal Half the given Line, and IFs=sIP« 
Then, by Problem I. B. I. draw QRM, from the centre Q, 
makiqg PR= FM : the point of contact T, of (he required 

Tangent, is determined bj QM. 

The above I^roblem is the 243. Question, Mathematical 

Repositoht, New Series. 
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Tbe foitegoiiig Analysitf is applicable to Problems tinder the 
following Forms of Enmiciation* 

» 

To divide a given circular Arc into two Parts, 
such, that the Sum or the Differehce, of two 
Lines, to which the Tangents of those parts 
have given Ratios, .shall be equal a given Line. 

Given the vertical Angle, the Length of a Line, 
from that Angle, making a given Angle with 
the Base, and the Sum or the Difference, of two 
Lines, to which the Segments of the Base, by 
the Line from the vertex, have given Ratios, to 

determine the Triangle. 



PROBLEM V. 

The Line DR is perpendicular to BI, the Di- 
ameter of a given Circle, and P is a point posited 
in DB : to determine a point Q, in the Peri- 
phery, such, that drawing QR, making a given 
Angle with DR, and joining Q, P ; the Sum 
or tbe Difference, of PQ, QR, shall be equal a 

given Line. 
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PI. 




ANALYSIS. 



From Qy which we suppose determinedi draw Q]Vf| pArallel to 
RDy meeting PC, drawn to makfe PCD equal QRC, the given 

Angle, at K : 
Take K V =(iPy and let LF, a parallel to MK or DC, through 
y, meet DP, and QF» a parallel to DP» at L, F. 

The Point P and the Line DC, are gi?en in pontion, 
and the Angle DCP equal a given Angle; 
Or PC 18 given in positibn, 
' and C a g^ven pomt* 
Alsoi 
Because of equal- Angles and ParalMs, 
KC= QR ; 
Hence, as 
KV= QP, 
Obviously, C V= K V+ KC =PQ+QR equal 

a given Line, 
That is, 
y is a ^ven point : 
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And LF, passing through V, being parallel to DC, or perpen- 
dicular to PD, is therefore given in position. . 

Moreover, 

Because of equals and parallel lines, 

VK : LM=:QP : QF =PC : PD 

equal a given Ratio. 

CONSEQUENTLT, 

The Line LF is perpendicular to the Diameter 
BI of a given Circle, and P is a given point in 
BI : to determine Q» in the Periphery, such, 
that drawing QF, making a right Angle with 
LF, and joining Q, P : the Ratio PQ : QF 

shall be given. 

This is Problem IL B. IL 



COMPOSITION. 

Make PCD equal the given Angle, C V ecfual the given Line, 

and draw YL parallel to CD. 
Then, by Problem II. B. II. determine Q, such, that drawing 
QF at right Angles to LV, and joining Q, P ; the RaUo 
QP : QF may be equal PC : PD. 



We may analyse and determine the Problem ia 
nearly the same way, when the Sum or the Dif- 
ference, of Lines, to which PQ, QR, have given 
Ratios, is equal a given Line. 
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Let QM be the Line to which QR has the gtyen Ratio, and 

draw PC parallel to QM. 
The Angle QEM, and the Ratio QR : QM are giren^ 

Or QMR= PCR, it 

n ^yen Angle : 

That isy 

«8 the point P, and the line CD, are given in position, 

PC and the point C, are given in position* 

Draw QK parallel to CD, let KV be the Line to which PQ 

has the given Ratio, and draw VF, meeting a parallel to PD, 

through Q, at F. 
Now, C V is a given Line, or V is a given point, and therefore, 

VF is given in position. 

Also, 

PQ:KV, 

and QF : KV =PD : PC, are 

given Ratios ; 

OrPQiQFis 

a given Ratio. 

This Case, therefore, will be determined by the preceding one« 

We add, To determine the Triangle, given the 
Hypothenuse, and the Sum or the Difference, of 
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two Lines, to which one Side, and the alternate 
Segment of the Hypotbenuse, by a perpendicu- 
lar from the right Angle, have given Ratios. 



PROBLEM Vi. 

The Line GR is p^pendicular to the diameter 
BD of a given Circle, and P is a given point in 
BD : £o determine a point Q, in the peripheiy, 
such, that drawing QR, making a given Angle 
with GR, and joining P, Q : the Difference or 
the Sum, of PQ, and a given Line PI, shall have 

a given Ratio to QR. . 



ANALYSIS. 

Suppose Q to be determined : 

Draw IR, and FK parallel thereto, meeting QR at'K : 

also, draw KL, GL, paraUel to R6, RK« 

The Ratio IQ : QR is given, 

And because of Parallels, 

PI : KR= IQ : RQ= PQ : KQ, 



GEOHETftlCAL AMUSEMENTS. 



101 




Or 

PI:KR,aiidPatKa 

are gtrmn Ratiof, 
and PI li a given Line ; 
That IS, 
RKssr GL, 
is a given Line. 
Afaoi 
the point G is given, 
and GL is pai^^Jlel to QR/whicli'niakes a given An^ with 

RG. 
Or GL makes a given Angle with 6R, 

a Line given in pomtion. 
The position of GL is> thereforei given ;, 

And, 
as GL is given in Length, 
• The point L is, hence, given. 
The Line LK, then, is drawn from a given point, palallel to 

GR, 
a Line, of which the position is given ; 
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Or 
LK 

18 given in position. 

Wherefore, The Point P is posited in the Di- 
ameter BD, of a given Circle, and the Line LK 
is perpendicular to that Diameter : to draw PQ, 
to a point Q, in the Periphery, such, that QK 
being drawn^ making a given Angle with LK ; 
the Ratio FQ : QK shall be given. 

Which is Pkoblem II. B. IL 



COMPOSITION. 

Draw 6L, making the givto Angle with GR, the Ratio 

PI : GL equal the given one, and let LK be parallel to GR. 

Then, hj Problem II. B. II. determine Q, such, that joining 

Q, P, and drawing QK, making the given Angle with LK ; 

the Ratio PQ : QK shall be equal PI : GL. 

The above Problem would have been more gene- 
ral, and, of course, more interesting to the Geo- 
meter, under the following Form. 
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To draw PQ, to Q, in the periphery of the Cir- 
cle ; and QR, making a given Angle with OR, 
so, that adding to, or taking from, PQ, QR, the 
given Lines PI, QV ; or adding PI to PQ, and 
taking QV from QR : the Ratio IQ : QV shall 

be given. 



. / 



PROBLEM VIL 

From a given point P, any how posited, with re- 
spect to two Lines B A, BC, given in position, 
to draw the right Lines PF, PT, to cut off a 
Segment FT, from another right Line FT, giv- 
en in position, snch, that dividing FT in a given 
Ratio at I : the Line BI may be of a given 
Length, and the Segments BD, B£, cut from 
BA, BC, by PT, PF, may have a given Ratio. 



ANALYSIS. 

Suppose the posidon of the Lines PF, PT, to be determined : 
To FT; applji £rom the point B, the Line Bl equal the £^yen 

one, 



101 



OEOMBTRICAL AMU8RMEKTS* 




Then 1 18 a given Point : 
Draw Ply which will be given in position ; and the Intersection 

L,ofCB, PI, 
Lines given in position, will be a given point. 
Let FT, FP, meet BC at G, £ ; and, let a parallel to FT, 
< Uirough E, meet BA at A, IP at R, and TP at K : 
. Draw LK, iqterseoting AB, FF, atjV^ EU 

Because c^ P^allds, 

lip : IT-RE :RK-JG.:IH, 

is a given Ratio^ 

and IG is a given Line, 

Then, 

IHy and, thenoe, the Point H, are given i 

The points L, H, then, are ^ven. 

Or the Line LK is given in position* 

Draw BP, and let a parallel to KT, through A, meet BC, 

BP, at C, Q. 
The Ratio BD : BE is given. 
And, as A E is parallel to FT, a Line given in position, 
The Ratio B A : BE is also given. 
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That isy BD i BA it a gi?en Ratio; 

fioWf because of ParaDeb, 

BP : BQ= BD : BA, 

Thereforsy BP : BQ is a ^yen Ratio ; 

And consequently, the Point Q, as BP is given in Length, and 

BQ in position, is a given Point. 

The Parallels KP» AQ, then, pass through two 
given Points P, Q, and meet VK, VA, Lines 
given in po^^ition, at K, A, so, that KA is par- 
allel to FT, another Line given in position : or 
VK : VA a given Ratio. 

This is Psoblem XI. B. 1. 

COMPOSITION. 

Having drawn the Lines as hj the Analysbf let AB, FT, iB« 
tersect at the point N ; the given Ratios being 6t : IH and 

BM : BG. 
Take BQ : BP= BN : BM. 

then draw, by Problem XL the Parallels PK, QA, so. Chat 

VK : VA-VH : VN. 



When P is posited between the Lines B A, BC, the Problem is 

the same as Question 594. Gentleman's Diart : to which 

Case, an Analysis and Composition have been given, by Mr. 

White, in the Diary for 1789. 

This Problem is also a particular Case of the second Deduction 
from the XXVI. Problem, of B. I. 

When V, L, I, are Points, any how given, in 

p. 



y 
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ANALYSIS. 

We Will suppose tBe Point P determined, and the Lines dnwB 

agreeably to the Problem. 
Let BIy a parallel to RD» meet PK, at I, and draw AL 

The Triangles 
PAB, PIB, 
are, obviously, given in Species, 
Or BP : PA, and BP : PI, are 
given Patios ; 
Then, 
The Ratio P A : PI is given, 
and, therefore, AI is given in position. 
Let RD, PK, intensect at H, and MP, AI, at the point Q : 

Then, Q is a given Point* 
Draw PQ, meetaig HN, a Parallel to IQ, at N ; and joiA 

N,K. 

Because of Parallels, 

PB : BD=PF : FK=PI : IH= PQ : QN, 

Or KN is parallel to FQ or MQ : 

The Lines KH, KN, HN, therefore, 

are paralldi to Lines given in position , 

Or the Triangle KHN is given in Species^ 

and consequently, 

The Ratio KH : HN is given. 
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Lei MKy RHy intertect at L. and, through N, draw LE. 
The Point L^ being the Intersection of two Lines gi^ea inposl- 

tion, is a given Point ; 

Ako, 

The Triangle LKH b. given in Species, 

and, thence, KH : HL is a given Ratio ; 

Then, 

The Ratio LH : HN is given. 

Now, as LHN is a given Angle, LH : HN a given Ratio, 

and L a given Point ; 

It follows, 

that the Line LN, or LE, is giien in position* 

Wherefore, 

We have gi^en in position, The three Lines AG, 
ML, EL, and the Point Q : to draw, through 
Q, the Line PN, meeting AG, £L, two of the 
lines given in position, at P, ]^, so, that drawing 
PK, NK, parallel to two other Lines given in 
position, the Point of concourse K, shall be posi- 
ted in LM, the remaining Line^ given in posi* 

tion. 

This is A Case ow Problem i. bu j. Svee the Sohition at 

the End of that Problem. 



From oar Deductions, we selectman additional Probleau 

The right Lines HF, FN, DQ, BK, and the 
" Points H, I, in HF, NF, are given in position : 



106^ 
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BA, BC, FT : to draw PF, PT, making VD : 
L£, and FI : IT, equal given Ratios, 

The Analysis will differ very little from that' giveir 

abote. 



PROBLEM VIIL 

To draw, from the given Points F, H, the right 
Lines FQ, HQ, to Q, a point in the Line LQ, 
given in position, to meet AI, another right Line 
given in position, in E, C, so, that the Rectan- 
gle of the Segments AE, AC, shall be given. 
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ANALYSIS. 

We wtU snppo^ the required Position of FQ, HQ, to be as- 

Bigned. 

Draw FI to AC, LQ, at I, P, making the Angle FIA-FLQ; 

alio draw C V to LQ, LA, FP, at V, B, K, making the Angk 

CVP--QFP, and let BD be parallel to LP. 

The Angle 

' 1FE=CVP=BVL, 

And the Angle 

FIE=BLV ; 

Then, the Angle 

AEF»ABC, 

Or the Points F, B, C, E, are in the Periphery of a Cirde ; 

And therefore, 

the Rectangle AF • AB« AE . AC, is given : 

Also, AF is a given Line, 

That is, 

AB, or the Point B, 

is given. 

Now, the Angle KBD-KVP-QFP, and the Angle 

FQP-VKD, 
Or the Triangles BDK, QPF, are equiangqlar. 

Having 

BK : QP-DB : PF, 

Or 

DK:QP 

IS a given Ratio. 

Whence, The three Lines AC, DK, PQ, and 
the two points B, H, are given in position ; to 
draw BC, HC, to C, a point in AC, such, that 
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meeting DK» PQ, at K, Q ; the Segmenta DK, 
FQ, shall have a given Ratio. 

A Particular Cass ov Pboblbii XXVL B. I. 

COMPOSITION. 

Take the poiol B» and draw FP, BD* as in the Analjsia. 

Then, by ProUem XXVI. B. I. drawing HC» BC, tointereect 

at C| in AI| so, that meeting XiP^ FP| at Q, K, the Ratio 

PQ : DK may be ?qual PF : BD, it is done. 

The following deduced Problem will not be iminterasting. 

Through two given points, to describe a Circlot 
intersecting a right Line, given in position, in 
two points, such, that Chords, drawn through 
the two points of Intersection, and two other 
given points, shall intersect another right Line, 
given in position, in the same Point* 



PROBLEM IX. 

The right Lines BD, BE, QR, and the pobt 
P, are given in position ; also, the points Q, R, 
in the Line QR, and the point H, in the Line 
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BD, are given : to dnw the Line* PE, QE, to 
intersect each other in the Line BE, so, that 
from D, the point of Intersection of P£, B l\ 
drawing DI panillel to EQ, to QR at I : the 
Ratio of the Segmenta HD^ RI, shall be given. 




£ a 



ANALYSIS. 

Let PEy QEy be supposed drawn, in the required poaition : 

Draw RH, and QC, HC, panHel to RH, RQ. 

The points H, Ry Q, ue gifea, 

And, thersforoi 

QC, HC, 

drawn parallel to RH, RQ, 

are given in position, 

Or C b a given point* 

Draw DF, CL, paraUel to QI, DB, meeting QE, DF| at F, Li 

and, let FC intersect BD or BH, at A. 

Because of parallel Lines, 
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That 18, 
The Points D, Fp in the Line AC, Are given points. 

Also, 
The Angle ACB, and thenoe BCD, are given, 

and EC : CD is a 

given Ratio, 

Or the Angle CDB is a given Angle, 

Therefore, its Equal, the Angle CPQ, is a given Angle; 

Or PQ is given in position^ 

Draw DR, QR, parallel to CQ, CD, and join P, R. 

The Ratios 
BD : DC= BD x RQ, and BD : QP^ AD : AP, 

Are given, 

Consequently, QR : QP is a given Ratio ; 

and since, by Parallels, 

The Angle PQR =BDC= a given Angle, 

It follows, that QPR is a given Angle : 

That is, 

PR 

is given in position, 

and 

PQ:PR 

is a £^ven Ratio. 

eOKSXQtFSlltLTi 

The Lines PQ, PR, and the Pointg A, D, are, 
given in position, and our Problem Is, to diaw 
AQ, DR, to include a given Angle, so, that 
meeting the Lines given in (M>sition at Q, H, 
the Ratio FQ : PR shall be given. 

Which is A Case of Problem xvii. b. i. 
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PROBLEM X, 

GiveOi the vertical Angle, the Sum or the Dif- 
ference, of one Side and a Line to which the 
other Side has a given Ratio, and the Ratio of 
the Segments of the Base, by a right Line from 
the vertex, making a given Angle with the Base, 
to determine the Triangle. 




ANALYSIS. 

The TriaDgle ACB beiog supposed the required oue: 
From C> the given Tcrtical Augki draw CQ, making the giTen 
An^ CQA, with the Base AB : let CD be the Line to 
which the Side CB has the ^ven Ratio^ draw DB, and QP 

parallel thereto* 
The Line AD is given, 
^ and 

AP : PD= AQ : QB, 

is a ^Ten Ratio, 
Or AP is a given Line ; 
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That is, 
The Points D, P^ in the Line AC, ire giren points. 

Also, 
The Angle ACB| and thenoe BCD, are given, 

and BC : CD is a 

given Ratio, 

Or the Angle CDB is a given Angle, 

Therefore, its Equal, the Angle CPQ, is a given Angle; 

Or PQ is given in position* 

Draw DR, QR, paraUel to CQ, CD, and join P, R. 

The Ratios 
BD : DC= BD i RQ, and BD : QP= AD : AP, 

Are given, 

Consequently, QR : QP is a given Ratio ; 

and since, by Parallels, 

The Angle PQR =BDC= a given Angle, 

It follows, that QPR is a given Angle : 

That is, 

PR 

is given in position, 

and 

PQ:PR 

is fl given Ratio. 

The Lines PQ, PR, and the Pomte A, D, are, 
given in position, and our Problem is, to diraw 
AQ, DR, to include a given Angle, so, that 
meeting the Lines given in [iiosition at Q, it, 
the Ratio FQ : PR shall be given. 

Which is A Case of Problem xvii. b. i. 
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The precediog Problem is a genenfiaed Forniy which we hafe 
given to the VII. and IX. in the Appendix to Simpsom's 

Algebra. 

The following Enunciation will fumisb an additional Ezerdfe. 

Given the Ratio of the Segments of the Base, 
by a Line from the Vertex, making a given An- 
gle with the Base, the Sum or the Difference, of 
two Lines, to which the Sides have given Ratios, 
and the Vertical Angle : to determine the Trian- 
gle. 



PROBLEM XL 

The Lines AG, AB, RD, MF, MK, are given 
in position : to determine the Point P, in one of 
the Lines, as AG, such,' that drawing PBD, 
PFK, parallel to tyWO other Lines, given in posi- 
tion, meeting AB, RD, MF, MK, at B, D, F, 
K : the Lines BF, DK, passing through the 
Points B, F } and D, K ; shall be parallel to 

each other. 
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ANALYSIS. 

We Will suppose the Point P determined, and tbe Lines drewa 

agreeably to the Problem. 
Let BI, a parallel to RD, meet PK, at I, and draw AL 

The Triangles 
PAB, PIB, 
are, obviously, given in Species, 
Or BP : PA, and BP : PI, are 
given B alios ; 
Then, 
The Ratio PA : PI is given, 
and, therefore, AI is given in position. 
Let RD, PK, intersect at H, and MP, AI, at the p<nnt Q : 

Then, Q is a given Point. 
Draw PQ, meeUng HN, a Parallel to IQ, at N ; and joiA 

N,K. 

Because of Parallels, 

PB : BD=PF : FK=PI : IH= PQ : QN, 

Or KN is paraUel to FQ or MQ : 

The Lines KH, KN, HN, therefore, 

are parallel to Lines given in position , 

Or the Triangle KHN is given in Species^ 

and consequently, 

The Ratio KH : HN is given. 



J 
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Lei MKy RHy iatertect at L. and, through N9 draw LE. 
The Poiiit L| heiDg the latersectioD of two Lines given in posi- 
tion, is a given Point ; 
Also, 
The Triangle LKH is given in Species, 
and, thenoB, KH : HL is a given Ratio ; 

Then, 

The Ratio LH : HN is given. 

Now, as LHN is a given Angle, LH : HN a given Ratio^ 

and L a given Point ; 

It follows, 

that the Line LN, or LE, is given in position* 

Wherefore, 

We have given in position, The three Lines AG, 
ML, EL, and the Point Q : to draw, through 
Q, the Line FN, meeting AG, £L, two of the 
Lines given in position, at P, I^, so, that drawing 
FK, NK, parallel to two other Lines given in 
position, the Point of concourse K, shall be posi- 
ted in LM, the remaining Line^ given in posi- 
tion. 

This is A Case ojp Problem i. e« j. See the Sohition at 

the End of that Problem. 



From oar Deductions, we select ^n addiuonal Probleak 

The right Lines HF, FN, DQ, BK, and the 
' Points H, I, in H F, NF, are given in position : 
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to draw NQK, parallel to another Line given in 
position, meeting FN, DQ, BK, at N, Q, K, 
so, that making HM : NX, and FV : FM, equal 
to given Ratios, and joining K, V : A Parallel 
to KV, through Q, shall pass through a given 

point P. 



■I 



PROBLEM XIL 

Let AB, AC, be two Lines, giveb in position ; 
B, C, given points in those Lines, and LM 
another Line, given in Position : to describe a 
Triangle DFE, given in Species, having its aa- 
gular points D, E, upon AB, AC, and the re- 
maining Angle F upon the Line LM, so, that 
the Ratio of the Segments BD, CE may be 

given. 



ANALYSIS. 

Suppose the position of the Triangle DEF to be assigned, as 

required by the Problem* 
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Draw BI, EI, parallel to DE, DB, and join the poinU C, L 

By parallelsi 

BD= IE ; 

Ako, 

The Ratio BD : EC«I£ : EC» is given, 

and lEC a gif€n Angle, 

Or the Angle ECI is given : 

The point C, also, is given, 

then, CI is given in position. 

Draw BK, IK, paraUel to DF, EF ; also, draw BC, BH, KH, 

making the Angle CBH=: IBK, and BKH^rBIC : 

Let HK meet ML at L, and join K, F. 

Evidentlj, 

BH 

is g^ven in position ; 

B being a given Pcnnt, BC a Line given in position, 

and CBH-IBK :=EDF equal 

a given Angle. 

Also, 

€;BI, and HBK, 

are equiangular Triangles, 

Having IB : BK =CB : BH»ED : DF a given Batio^ 

and CB is a given Line, 
Then, BH is given in Length, as well as in position ; 
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meeting DK> PQ, at Kp Q ; the Segments DK, 
PQ, shall have a given Ratio. 

A Particular Casb qv PitoBLEM XXVL B. I. 

COMPOSITION, 

Take the poinl B» and dnw FP^ BD* as ip the Amdysb. 

TheO| bj Problem XX VI. B. I. drawing HC> BQ to intersect 

at C| in Aly so, that meeting I^P, FP, at Q, K, the Ratio 

PQ : DK maj be ^qual PF : BD, it is done. 

The following deduced Problem will not be uninteresting. 

Through two given points, to describe a Circle^ 
intersecting a right Line, given in position, iti 
two points, such, that Chords, drawn through 
the two points of Intersection, and two other 
given points, shall intersect another right Line, 
given in position, in the same Point* 



PROBLEM IX. 



The right Lines BD, BE, QR, and the pomt 
F, are given in position ; also, the points Q, R, 
in the Line QR, and the point H, in the Line 
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BD, are given : to draw the Liney PE, QE, to 
intersect each other in the line BE, so, that 
from D, the point of Intersection of PE, BI), 
drawing DI parallel to EQ, to QR at I : the 
Ratio of the Segments HDy RI» shall be given. 




£ a 



ANALYSIS. 

Let PEy QEy be supposed drawn, in the required poeition : 

Draw RH, and QC, HC, parallel to RH» RQ. 

The points H, R, Q, are gifeoi 

And, therafbre, 

QC, HC, 

drawn paralld to RH, RQ, 

are giTen in position, 

Or C 11 a given point. 

Draw DF, CL, parallel to QI, DB, meeting QE, DF| at F, L; 

and, kt FC intersect BD or BH, at A. 

Becauseofparsllel Lines, 
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CLsHD, DF ==IQ» and DL:7= HO^ RQ i 

Coosequentlyt 

LF =RI : 

Ako, 

HD : RWCL : LF« AH : HC, 

18 a given Ratio, and HC is a given Lioe, 

Hence, HA, or the point A, is given ; 

That is, 

AC is given in length, AF is given in position, 

and 

AF:AD=AC:AH, 

is a given Ratio. 

Whence, 

The points Q, P, and the lines BE, AF, AD, 
are given in position : to inflect QE, PE, to a 
Point E, in BE, so, that intersecting AF, AD, 
at F, D } the Ratio of the Segments AF, AD, 

shall be given. 

Which Problem is onlj a particular Case of the 

XXVI. B. I. 

The Composition may now be dmitted, for the pursuit and 
consequent advantage of the Student. 

Retaining the Data in the ProbIein,To draw PE, 
QE, so, that the Sum or the Difference, of HD, 
RI : or the Sum, or the Difference, of twoLines, 
to which HD, RI, have given Ratios, shall be 

equal a given Line* 



\3 
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PROBLEM X. 

Given, the vertical Angle, the Sum or the Dif- 
ference, of one Side and a Line to which the 
other Side has a given Ratio, and the Ratio of 
the Segments of the Base, by a right Line from 
the vertex, making a given Angle with the Base, 
to determine the Triangle, 




ANALYSIS. 

The Triangle ACB being suppoeed the required one: 
From C> the giyen vertical Angle, draw CQ, making the ^ren 
An^e CQA, with the Base AB : let CD be the Line to 
which the Side CB has the given Ratio, draw DB, and QP 

parallel thereto. 
The Line AD is given, 
^ and 

AP : PD= AQ : QB, 

is a ^ven Ratio, 
Or AP is a given Line ; 
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That is. 
The Points D, P^ in th6'Liiie AC, Are given points. 

Also, 
The Angle ACB, and thence BCD, are given, 

and EC : CD is a 

given Batio, 

Or the Angle CDB is a ^ven An^le, 

Therefore, its Equal, the Angle CPQ, is a given Angle; 

Or PQ is given in position*. 

Draw DR, QR, parallel to CQ, CD, and join P, R. 

The Ratios 
BD : DC= BD z RQ, and BD : QP= AD : AP, 

Are given, 

Consequently, QR : QP is a given Ratio ; 

and since, by Parallels, 

The Angle PQR =BDC3= a given Angle, 

It follows, that QPR is a given Angle : 

That is, 

PR 

is given in position, 

and 

PQ:PR 

is fi given Ratio. 

The Lines PQ, PR, and the Pomtg A, D, are, 
given in position, and our Problem is, to dfaw 
AQ, DR, to include a given Angle, so, that 
meeting the Lines given in [ik>sition at Q, 'R^ 
the Ratio FQ : PR shall be given. 

Which is A Cass ob Problem xvii. b. i. 
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The preceding Problem ia a genemfised Fomni which we have 
gifen to the VIL and IX. in the Appendix to SiMPaoM's 

AJgehra. 

The fi^wing Enunciation will ibmiBb an additional Ezerdae. 

Given the Ratio of the Segments of the Base, 
by a Line from the Vertex, making a given An- 
gle with the Base, the Sum or the Difference, of 
two lines, to which the Sides have given Ratios, 
and the Vertical Angle : to determine the Trian- 
gle. 



PROBLEM XL 

The Lines AG, AB, RD, MF, MK, are given 
in position : to determine the Point P, in one of 
the Lines, as AG, such, that drawing PBD, 
FFK, parallel tp t^wo other Lines, given in posi- 
tion, meeting AB, RD, MF, MK, at B, D, F, 
K : the Lines BF, DK, passing through the 
Points B, F ; and D, K ; shall be parallel to 

each other. 



^ 
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ANALYSIS. 

We Will suppose tEe Point P determinecl» and the Lines drami 

agreeably to the Problem* 
Let BI, a parallel to RD, meet PK, at I, and draw AI. 

The Triangles 
PAB, PIB, 
are, obvioasly, giyen in Species, 
Or BP : PA, and BP : PI, are 
given Batios ; 
Then, 
The Ratio P A : PI is given, 
and, therefore, AI is given in position. 
Let RD, PK, intersect at H, and MP, AI, at the p<»nt Q : 

Then, Q is a given Point. 
Draw PQ, meetmg HN, a Parallel to IQ, at N ; and joia 

N,K. 

Because of Parallels, 

PB : BD=PF : FK=PI : IH= PQ : QN, 

Or KN is paiaDel to FQ or MQ: 

The Lines KH, KN, HN, therefore, 

are parallel to Lines given in positioni 

Or the Triangle KHN is given in Species^ 

and consequently. 

The Ratio KH : HN is given. 
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Let MK, RH, mteitect at L. and, through N, draw LE. 
Tlie Point L, being the Intersection oi two Lines |p?en in posi- 
tion, is a given Point ; 
Also, 
The Triangle LKH b. given in Species, 
and, thence, KH : HL is a given Ratio ; 

Then, 

The Ratio LH : HN is given. 

Now, as LHN is a given Angle, LH : HN a given Ratio^ 

and L a given Pcant ; 

It folIowB, 

that the Line LN, or LE, is given in position* 

Wherefore, 

"We have given in position, The three Lines AG, 
ML, EL, and the Point Q : to draw, through 
Q, the Line FN, meeting AG, £L, two of the 
Lines given in position, at P, I^, so, that drawing 
FK, NK, parallel to two other Lines given in 
position, the Point of concourse K, shall be posi- 
ted in LM, the remaining Line, given in posi« 

tion. 

This is A Case ojp Pboblsm i. b^ j. See the Sohition at 

the End of that Problem* 



From oar Deductions, we select >an addiuonal Probleau 

The right Lines HF, FN, DQ, BK, and the 
' Points H, I, in H F, NF, are given in position : 
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Lines, to which the Base, and a Line from the 

^ 

vertex, making a given Angle with the Base, 
have given Ratios ; to determine the Triangle. 




ANALYSIS. 

Let ACB be supposed the required Triangle ; Q, the center, 
and QF, the radiuSi of the inscribed Circle : join Q, and C, the 

Vertex. 
Then CQ is given. 
Produce CQ, to meet a Perpendicular to the Base, from E, the 

point of its bisection, at 6 ; draw CV parallel to BA : 

Let EH, and EV, in EH produced, be the Lines to which the 

Base, and the Line PC, from the vertex, have the given Ratios : 

Draw HB, HG ; also £K, parallel to PC. 

Now, HV is given ; 

Also, 

as EV has a given Ratio to PC or to EK, 

and the Angle EK V equal a given one, 

The Angle HVC=H£B is given ; 



i 
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.Or YC ia pma in pontkni* 

Again, 

The Ratio! HE : EB| GE : £B ; and, coniequendj, 

the Ratio HE : E6, are ^Ten, 

and the Angles 6EH, BEH, given An^^ ; 

Or 

Tlie Angles EHG, EHB, are ^ven : 

and, therefore, HG, HB, are given in position. 

Let GB meet VC at R, take BI =QC, draw IT, HL, pa- 

raDel to HB, GB : the former meeting VR, HL, 

GH, at T, L, M ; and draw HI, MR. 

The Angle MHL»HGB, is given, 

and H is a ^vcn Point, 
Or the Line HL is given in position : 
The Line HL is g^ven, also, in Length, 

For, 

because of parallds, 

HL-BIcQC, 

a given Line ; 

The point L, then, is given : 

That is, TI passes through a given Point, and is parallel to a 

Line given in position. 
Therefore, TI is given in position ; 
and, Gonsequentlj, M , being the Point of concourse <Sr two Lines, 
given in position, is a given Point. 
Moreover, 
Bj a known Property of Triangles, 
GB= GQ, -^ 
and, as BI, QC, are equal. 
It folkws, that 
GI =GC. 
Now, because of the equal Angles 
GCB, and GRC, 
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GC : GB= GR : GC= GI : GB==: GR : GI =GM : 6H, 

because of the Parallels 

IM, BH: 

That i8> MR, HI, are parallel. 

C0N8SQ.UEMTLT, 

The Points M, H, and ihb Lines TR, TI, are 
given in position : and, we have to draw the Pa- 
rallels MR, HI, so, th^t.RI shall be parallel to 
HL, another Line given in posiUon : 
Or TR : TI a 
given Ratio. 

This is A PARVIOUi^AiR CaSS OFOOR XL.pR0JILEM,B. I. 



The following is added, as h^iXii^g a^mpre general Form than 

the preceding. 

To determine the Triangle, there are given, the 
Sum or the Difference, of two Lines, to which 
the Base, and a Line. drawn from the Vertex, 
making a given Angle with the Base, have given 
Ratios : also, two Lines, to which the Diameter 
of the inscribeil Circle, and the Difference be- 
tween the Sum of the Sides and. the Base, have 

given Ratios- 
Problem XV. is a general Enunciation which we have given to 
the 64. Question, Burrow's Diary, proposed and solved, by 

the ingenious Mr. Crakelt. 
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Of RstTBBN Burrow, that distingnished, elegant Geometer, 

and able Mathematician, I am not aware that, eyen the most 

humble Memoir has yet been giyen. 



PROBLEM XVI. ^ 

To describe, through two given Points A, B, a 

Circle, intersecting a right Line KL, given in . 

position, in K, L, so, that drawing BK, BL ; 

the Angle KBL shall be equal a given Angle. 




ANALYSIS. 

Suppose the required Circle to be described. 

Draw A5y iaitersecting EL in P : also,Mraw BD, DQ, making 

the Angle ABD;:;: ItBL^ BD =::BP, and the Angle 

BDQ3= BPK. 

The Line AB is given in position, and ABD is a given Angle, 

Or BD is given in position : 

Also, BD being equal to BP, a given Line, 

the point D is, thence, given. 

S 
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Again, 

BDQ-BPK, 

IS a given Angle; DB is given in position^ and D, a given pointy 

Or DQ is given in position. 

Let DQ, BL, meet at Q. 

The Angle 

KBL«PBD, 

consequently, Angle 

KBP=.QBD ; 

Andy therefore, the Triangles 

KPB, QDB, 

having, also, the Angle KPB= QDB, are equiangular. 

Or 

KP : PB= QD : DB, 

and 

DjB=BP ; 

Then, 

PK=QD. 

Now, as PK= QD, it follows, 

that PL . PK=PL . QD= AP • PB, is a 

given Rectangle. 

Wherefore, 
The Lines PL, DQ, and the point B, are given 



ttm 
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in position : and, we have to draw BLQ, meet- 
ing PL, DQ, at L, Q, so, that the Rectangle 
PL. DQ, shall be equal a given Space. 

Which is Problem L B. IL 



This Problem is the same as the 228. Question, LbybouRn's 

Rbpository, original Series. 

Hie £>11owmg Problems may, hence, be solved. 

Having a Point and a right Line, given in posi- 
tion : to draw, from the given point, two Lines, 
including a given Angle, that shall cut off, from 
the Line giveh in position, two Segments, be- 
tween the points of intersection, and a given 
pointy or given points, in that Line, the Rect- 
angle of which, shall be given. 

Two given Circles, a Diameter AB, of one of 
them, and a Chord KL, of the other, are given 
in position : to assign, in AB, the Points P, Q, 

such, that 
AP : PB= AQ : QB, 
and, that PK, QL, shall intersect in the Peri- 
phery of the Circle KL. 



13S 
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PROBLEM XVII. 

Having four right Lines, given in position : to 
determine a Point, from which, if four other right 
Lines are drawn, meeting the former in given 
Angles, the Sum or the Difference, of two of the 
Lines so drawn, and the Sum or the Difference, 
of the Rectangles, under the remaining two, and 
two given Lines, shall be given. 




ANALYSIS. 

Let the Lines, from the required Point P, meet QA, EB, EC, 
ND, the Lines given in position, at the Points A, B, C, D. 

In BP, 

Take PH= PC, draw EF, HF, paraUel to BH, BE : 

Let PH, FH, meet EC at G, I ; and draw IP. 



£. 
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• The point £ la given, 
and EF is parallel to BH, which makes a given Angle 

with £B, 

Or £F is given in position ; 

Also, because of Parallels, 

EF=BH= BP+PH= BP+PC 

equal a given Line ; 

That is, 
the point F is given. 
The Line Fl, then, passes through a given point, 
and is parallel to £B, a Line given in position ; 

consequent^, 

I is a given point. 

Now, the Triangle CGP is given in Species, 

Or 

CP : PG==HP : PG, 

is a ^ven Ratio ; 

also, IH, IG, are 

^ven in position, and HP is paralid to FE, a Line given 

in position. 
Or the position of IP is given. 
Let IP meet AQ at Q, take QY, QK, equal the two given 
Lines ; draw YR ; KL, QN ; paraUel to PA ; PO ; and 

niakeKiVI=VR. 
The p<HntB V, E, Q, are given, and YR, KL, QN, are paral- 
lel to Lines given in position, 
therefore, YR, KL, QN', are given in position : 
Also, as the position of QR, DN, is given, 

YR=KM, 

is a given Line, 

And M, N, are given points. 

Moreover, bj parallel Lines, 

QP : PA =QY : YR=QY : KM, 
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And 

QP:PD=QK:KL, 

Then, 

QP . KM==P A . QV, and QP . KL==PD . QK : 

Whence, QP . ML= PA . QV + PD • QK, is a given 

Rectangle, 
and QP : ND»QP . ML : ND . ML is a given Ratio : 

That is, 
ND.ML 

is a given Rectangle. 

Hence, 

The Lines ND, ML, and the point Q, are given 

in position : and, it is required to draw QDL, 

making the Rectangle of the Segments ND, 

ML, equal a given Space. 

This is Problem I. B. 11^ 

A particular Case, of the above general Problem, forms the 
XXIIL Problem of Newton's Univer. Arith. where an Ana- 
lytical Solution is given : see Wilder *6 Edit, of 1769. 

The same Case was proposed in the Ladies' Diart, Ques. 
831. and three Geometrical •Solutions inserted in the Diary 

for 1784.. 

A Problem, still more general, and more interesting than the 
preceding, may be determined by the same method of Analysing. 

We present the following, as a subject of continued Inquiry. 

Given in position, four right Lines : to assign 
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the position of a Point such, that drawing, from 
that point, four other right Lines, meeting those 
given in position in given Angles ; the Sum, or 
the Diflference, of two Lines, to which two of 
the Lines, so drawn, have given Ratios, shall be 
equal a given Line ; and, the Sum, or the Dif- 
ference, of the Rectangles, under two given 
Lines, and two Lines, to which the two remain- 
ing Lines drawn from the Point assigned, have 
given Ratios, equal a given space. 



PROBLEM XVIIL 

To draw, from the points P, Q, posited in the 
Diameter AB, of a given Circle, the right Lines 
PR, QR, to a point R, in the Periphery, such, 
that QR shall have a given Ratio to the Differ- 
ence, or to the Sum, of PR and a given Line 

PL. 

ANALYSIS. 

Suppose the ponbon of the Point R to he assigned. 
Draw RD at right Angles to A B, and let C be the center of 

the Circle. 
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The Ratio RL : RQ is given, 

That IB, RL« : RQ% or (PL-j- PRf : RQ«, is a gircn Ratio. 

Make AH : HB equal AP : PB, and 

PE= EH ; 

Also, BI : I A equal BQ : Q A, and 

QF= FI : 

Then, the Points H, E, I, F, are evidently giyen* 

Take 2PC : PL= PL : EG, 

Then, since 2PC . EG= a given Square ; PC, or 2PC= a 

given Line, and E a given point; 

EG, and the point G, are^ thence, given. 

Also, bj a Theorem, universally known, 

PR* =2PC . DE, and RQ«= 2QC . DF; 

consequently, 
(PL+PR)^ =±:2PC . DG+2P;L . PR : 

Take PR : GN =PL : PC, a given 

Ratio, 

Then 

PL . PR=PC . GN, 

and therefore, 

(PL-|-PR)«= 2PC . DN; 

That 18, 2Pe -DN: 2QC .DF=PC .DN;QC .DF, 18 a 

given Ratio. 



s^ 
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Let the Ratio 
PC . DN : QC . DF-PC : CM«PC . DN : CM . DN, 

TheDy 
CM is a given Line, and QC . DF»CM . DN, 

Or 
DF:DN«.CM:CQ, 
18 a given Ratio. 
Moreover, since GN : PRaPL : PC, is a given Rado, 

It Follows, that 
GN* : PR--PL* : PC^«GN« : 2PC • DE ; 

Or 
GN« : PC . DE 
also, is a given Ratio. 

Whence, 

In the Line MN, we have given, the Points P, 

C, E, F, G : to determine, la MN, the two 

Points D, N, such, that DF : DN, and GN* : 

PC • D£, shall be given Ratios. 

Which is Problem III. B. II. 



This Problem was proposed and solved, in the Mathemati- 
cal Companion : See page 48. No. VIII. 

To the preceding, without requiring an Analjrsis materially dif- 
ferent, we may give the foUowing more general Enunciation. 

To draw PR, QR, to R, in the Periphery of 
the given Circle, such, that adding to, or taking 

T 
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from, PR, QR, the given Lines PL, QK ; or, 
adding PL to one, and taking QK from the 
other : the Sums, or the Differences ; or the 
Sum and Difference, shall have, to each other, 

a given: Ratio* 



PROBLEM XIX. 

The right Lines AB, AC, BC, are given in 
position, and D, E, F, are given Points, in those 
Lines : to determine the Points G, H, K, in 
the same Lines, such, that drawing GH, KH. 
the Angle GHK shall be ^qual a given Angle» 
and the Segments DG, EH, FK, shall have, to 
each other, given Ratios. 



ANALYSIS. 

The positioii of HG, HK, we suppose to be detenoined. 
Draw £P, £Q, parallel to KG, HK ; also, 
6P, EQi parallel to HE : and join 
the Points 
D, P; andF.Q. 
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The Ratios DG : EH, and EH : FE« are given ; 

. and, because of Parallels, 

EH =PG= QK, 

Ck 

PG : GD, and QX : KF, 

are gi?en Ratios : 

That is, 

IXjP, FKQ, are given Angles ; and D, F^ given Points; 

the Lines 

DP,FQ, 

aw £^ven in pomtion* 

Agam, 

\the Tiian^es GPD, KQF, are given in SpecieSi 

Or 
GP : PD= KQ : PD, and KQ 2 QF, 
are ^ven Ratios : 
Consequently, DP : FQ is a given Ratio. 
Moreover, E is a given 
Fdttt, 
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And, by paflillel LineB, 
PEQ=HEK, 
18 a given Angle. 

Wherefore, 

The Lines DP, FQ, and the Point E, are given 

in position : to draw EP, EQ« including a given 

Angle, and meeting DP, FQ, at P, Q, so, that 

the Ratio of DP to FQ may be given. 

This is the XVL Problem, B.I. 



The above Problem, we have taken from the Mathematical 
Companion : see page 52. No. IV. Also, Professor 
Wallace's Paper on Porisms, in the IV. Vol. Edinburgh 

Transactions. 



We give a deduced Problem, as an Exercise. 

From two given Points, to draw two Lines, in- 
cluding a given Angle, and meeting two Lines, 
given in position, so, that drawing, from the 
Points of Intersection, two Lines, parallel to 
two other Lines, given in position ; the two 
Lines, last drawn, shall have their Point of con- 
course, in another right Line, given in position. 
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PROBLEM XX. 

Given in position, the four right Lines FR, 
LP, KH, HF: to draw the right Line GR, 
parallel to a Line given in position, to meet the 
Lines given in position, at R, P, B, G, so, 
that the Rectangle of the Segments GR, GB, 
shall have a given Ratio to the Square of the 

Segment GP. 




ANALYSIS. 

The Line GR being supposed drawn, take, therein, the Point 

Q, such, that 
GR : GQ= GQ : GB, 
Or 
GR.GB«GQ». 
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The Ratio GR . GB : GF-GQ^ : GP, is given, 

and, therefore, 

GQ : GP, or GQ :,QP, 

18 a given Ratio. 

The Lines LG, LP, are given in position, 

GP is divided in a given Ratio at Q, and is drawn paraOel to 

a Line given in position : 

The Point Q, therefore, 

is posited in a right Line, the position^of which, maj be assigned. 

Draw LQ : 
Then, LQ is the Locus of Q, and is, therefore, given in positioB. 
Let LQ meet HK at V, draw HQ, FQ ; and, through V, draw 
AC, parallel to GR, meeting FL, FQ, FR, HQ, at A, £, I, 

C. 

The Lines LQ, HK, are given in pontion, 

Or V, their point of concourse, is a given Point; 

Then, AC, 

passing through V, and parallel to a Line 

given in position, 

b also given in position ; 

hence, obviously, 

the Points A, V, I, in AC, are given : 

That is, 
AY, AI, and, consequently, the Rectangle AV. AI, are given* 

Now, because of parallel Lines, 
GB : GQ»GQ : GR^AV : AC=A£ : AI, 

Or 

AC . AE«AV . AI, 

a given Rectangle. 

The Points F, H, and the Lines VL, VI, then, 
are given in position : to draw FQ, HQ, inter- 
secting at Qy in LV, and meeting VI, at £, C, 
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SO, that the Rectangle of the Segments AC, AE, 

shall be given. 

Which is Problem VIIL B. II. 



We here present, for Solutiooi the following Problems. 

The Lines FR, LP, KH, HF, are given in 
position : to draw GR, parallel to another Line 
given in position, meeting FR, LP, KH, HF, 
at R, P, B, G, so, that the Sum, or the Differ- 
ence, of two Lines, to which GR» GB, have 
given Ratios, shall have a given Ratio to the 

Segment GP. 

The Lines are posited as in the preceding : to 
draw GR, parallel to a Line given in position, 
80, that adding a given Line to each of the Seg- 
ments GR, GB, GP ; or taking a given Line 
from each of them : the Rectangle under two of 
the Sums, or under two of the Di£Perences, shall 
have a given Ratio to the Square of the remain- 
ing Sum or Difference. 

Or so, that 
adding a given Line to GR, GB, and taking a 
given Line from GP ; or taking a given Line 
from GR, GB, and adding one to GP ; the 
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Rectangle of the Sums^or of the Differences, shall 
have a given Ratio to the Square of the Differ- 
ence, or of the Sum, of 6P and the given Line. 



PROBLEM XXL 

To inscribe, in a given Triangle, another Trian- 
gle, such, that each Side, of the inscribed Figure, 
shall pass through a given Point. 




ANALYSIS. 

Let the Sides DE, EF, FD, of the Triangle DEF, pass 
through the given Points. P, Q, R : the angular Points D, E, 
F, being upon the Sides AB, BC, CA, of the given Triangle 

ABC. 
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Draw QR ; also, RH, DI, parallel to CA^ QF, meeting AB, 

QR, at H, I. 

The Pointi 

Q, R, A, 

and the Lines AB, AC ; and consequently RH, a parallel to 

AC, 
are given in position : 
Or H 18 a given point, and QR, AH, given Lines* 

Also, 

because of parallel Lines, 

RF : RD= RQ : RI= AH : HD, 

and alternating, 

RI:DH=RQ:AH, 

a given Ratio. 

We have, therefore, given in Position, 

The Point P, and the Lines BC, BH, QR : to 
dravtr DE, through P, meeting BH, BC, at D, 
E, so, that drawing QE, and DI parallel to QE, 
meeting QR at I : the Ratio RI : DH may be 

given. 

This is Problem IX, B. H. 



Mr* Lowrt has given an elegant and general Solution to the 
above, in the Mathematical Repository ; See Page 117* 

Vol. I. New Series. 

See^ alsojQuestion 155. Mathematical Companion, No. 

XIIL 

u 
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This Problem furbishes several Deductions, from which, the 

fbUowing is selected. 

The Lilies BN, DL, BM, and the points P, R, 
Q, are giren in position : to draw the Parallels 
PN, RL, meeting BN, DL, at N, L, so, that 
ML, and QM, parallel to NL, being drawn : 
the Lines PN, QM, shall meet BM, at the same 

Point M. 



PROBLEM XXIL 

To draw, from two Points, posited in the Diame- 
ter of a given Circle, two right Lines, to a point 
in the Periphery, such, that the Difference of 
the Lines, so drawn, shall be equal to a given 

Line. 



ANALYSIS. 

Suppose AQ, BQ, drawn from the given Points A, B, in the 
Diameter GH, of the given Circle GQH, to the Point Q, in 
the Periphery, making the Difiference of AQ, BQ, equal to the 

given Line AT. 
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Draw QI perpendicular to GIL 
Andy let R and V, be the Points of bisectioni of AB and AT. 

Now, AQ^QB-AT, 

alflOy 

AQ-hQB=2VQ, 

and, 

AQ«-.QB«= AP~IB«= VQ . 2AT =IR • 2AB % 

That is, 

VQ : IR= AB : AT. 

Draw RP, QP, parallel to IQ, IR; 

Then, 

R is a given Point, RP is perpendicular to GH, and 

QP=:IR: 
Or, 
VQ : QP= AB : AT, 
a g^ven Ratio. 

Whebefore, 

In the Diameter GH, of the given Circle GQH, 
the given Point A is posited ; and RP is a right 
Line, perpendicular to 6H : to draw AQ, to a 
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point Q,in the Periphery, such, that drawing QP, 

at right Angles to RP, and taking AV=agiven 

Line ; the Ratio VQ : QP shall be given. 

Which is Problem VI. B. II. 



This Analysis will be applicable, when the Sum of AQ, BQ, is 

given. 

The above is the same as Problem L. Part II. Simpson's 
Exercises, Dr. Hutton's Edition. 

The preceding is also a particular Case of Problem XVIII. 

B. 11. 

For, as the Sum, or the Difference, of AQ, BQ, is given : hav- 
ing taken AT equal to that Sum or Difierence, it will onlf 
remain, to draw AQ, BQ, so, that QTs=QB, or QT to QB 

in the Ratio of equality. 

When we give the Problem a more general Form, 
and require AQ, BQ, to be drawn, so, that the 
Sum, or the Difference, of two Lines, to which 
AQ, BQ, have given Ratios, shall be equal a 

given Line, 
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The Analysis, by the Application of the XVIII. 
as an Auxiliary Problem, will be ^equally simple 

with the foregoing. 




For, let APy PV, be the Lines to which AQ, QB, ha^e the 

given Ratios, and C the centre of the Circle. 

Draw QC ; also, PL, PD, parallel to QC and QB. 

Then, AV is a given Line. 

And, because of Parallels, 

AQ : AP = AC : AL=AB : AD=CQ : LP, 

are given Ratios, and AC, AB, CQ, given Lines : 

Therefore, AL, AD, LP, and the Points L, D, are given. 

Let the Circle, to Centre L and radius LP, be described. 

Then, 

LP 

is a given Circle. 

Also, aB : PD, and QB : P V, are 

given Ratios, 

Thai is, PD : P V is a given 

Ratio. 

Hence, 

It only remains, To draw, from the given Points 
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A, D, situated in tbe Diameter IK, of the given 
Circle IPK, tbe Lines AP, DP, to P, in the Pe- 
riphery, so, that taking, in AP, the Part AV, 
of a given Length, the Ratio PD : PV shall be 

given. 

Which is the XVIII. of B. IL 



The general Form of Problem XXII. maj be otherwise enun- 
ciated : as. 

To determine the Triangle, there are given, the 
Base, a Line, from the Vertex, dividing the Base 
in a given Ratio, and the Sum, or the Difference, 
of two Lines, to which the Sides have given 

Ratios. 



PROBLEM XXIIL 

From two given Points, any how posited, in the 
Diameter of a given Circle : to draw two right 
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Lines, intersecting at somePoint in thePeriphery, 
sucb,that the Sum, or the Difference, of the Rec- 
tangles, under these two Lines, and two given 
Lines, may be equal to a given Magnitude. 




ANALYSIS. 

Let P and Q, be the two given points, in the Diameter AB, of 
the given Circle ARB, and R, the Point in the Periphery, to 
which PR, QR, are required to be drawn, making the Sum, or 
the Difi&rence, of. the Rectangles under PR, QR, and the giv- 
en Lines PD, PF, equal a given Magnitude. 

Take 

PI.PD 

equal the given Magnitude : 

Then, 

PR . PD+ QR . PF =PI . PD. 

In PR, take the Point L, so, that 
QR : QL =PD : PF, 

then, 
QR.PF=RL.PD; 
and, consequently, 
PR . PD+ RL . PD== PI . PD. 
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That is, 

PR+ RL=PI= PL 

equal a given Line ; 

and, 

RL:RQ 

equal a given Ratio. 

Hence, 

In the Diameter AB, of the given Circle ARB, 
there are given, the Points P, Q : to draw PR, 
QR, to R, a Point in the Periphery, such, that 
taking PL equal a given Line PI, the Ratio of 
RL to RQ shall be given; 

This is Problem XVIIL B. IL 



The Above is taken from the Mathematical Repository, 
Vol. I. New Series. See Question 9. and Solutions, 

The same Method of Analysis will easily effect the Solution of 
the Problem, under the following more general Form. 

When the Lines PR, QR, are to be drawn, so^ 
that the Sum, or the Difference, of the Rectan- 
gles, under two given Lines PD, PF, and two 
Lines PE, QK, to which PR, QR, have given 
Ratios, shall be equal a given Space. 
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The following Enunciation ib only a Taried Form of ProUem 

XXIIl. 

Given the Base, a Linei from the Vertex, to 
a given Point in the Base, and the Sum, or the 
Difference, of the Rectangles, under two given 
Lines, and two Lines, to which the Sides have 
given Ratios, to determine the Triangle. 



PROBLEM XXIV. 

Given the Difference of the Angles at the Base, 
the Difference, or the Sum, of the Sides, and the 
Sum, or the Difference, of a Line, from the Ver- 
tex, making a given Angle with the Base, and 
a Line, to which the Difference oHhe Segments 
of the Base, by the Perpendicular, has a given 
Ratio, to determine the Triangle. 



ANALYSIS. 

From C, the Vertex of the required Triangle ABC, which we 
here suppose to be determined ; apply, to AB the Base, 

CQ=CB: 

X 
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Let CGy bisecting tlie Angle ACQ, or its supplementaij 
Angle ACF; and EG^ bisecting AQ, at right AngleSi meet 

each other at G, 

The Triangle CBQ is isosceles. 

Or, the Angle 

CQB= CBQ : 

Hence, 

the Angle ABC— Angle B A C= Angle BQC— Angle BAG 

equal Angle ACQ : 
The Angle ACQ is, therefi^re, given. 

Also, AC+ CB = AC+ CQ, is given ; 

and, 
bj a Pioiperty of plane Triangles, generally known, 

AC+CQ:CG 

is a given Ratio ; 

Or, CG is 

a given Line. 

Draw CD, making the given Angle with the Base ; 

also. EN, CN, parallel to DC, DA. 

Let EH be the Line, to which the Difference of the Segments 

of the Base has the given Ratio ; and draw GH, QH| QG. 
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Became of FanOekp 

ENr^DC, 

and £H= the Line, to which the Dt£fereiiee jq£ the Se^enU 

hes the giTen Ratio; 
theoy 
DC+ EH =£N+EH s=HN, 

tf a given Line* 

Again, at 

CB= CQ, 

enknidff AQ equal the Difference of the Segnents of AB, hf 

a Perpendicular from C ; 

then, 

AQ : EH, or EQ : EH, 

is a given Ratio, 

and, HEQ is a given Angle : 

Consequently, 

Ibe Angle EHQ, and the Ratio EQ : QH, are given. 

Also, 
ifae Angle GQE-GCQ equal Half ACQ, is a given Angkp 

and GEQ is a right Angle ; 

Or, 

EQ:EG 

is a given Ratio : 

'Diatis, 

the Ratio EG : EH, and the Angle EH6, are gpven. 

Let GQ meetNCat R ; in GR, take GP=GC, and draw 

PI parallel to GH. 
The Line HN, as well as the Angles NHG, NHQ, and 

HNR =CDB, are given ; 
Of) the Lines HG, HQ, NR, are given in 

position: 

Also, GP is given, 

jand it makes a given Angle with GH, a Line gi^en in 

position ; 
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therefore, 
a Line, parallel to GH, may be drawn, that shall pass 

through P : 

The position of IP, then, is given. 

Moreover, 

because of the equal Angles^ 

GQE, GRC, GCQ; 

GQ : GC= GC : GR= QG : GP= GP : GR, 

Or, 
GQ.GR=GP*. 

Wherefore, 

The four Lines HG, HQ, IP, and NR, are given 
in position : and, 6 R is to be drawn, making 
given Angles with those Lines, or parallel to a 
Line given in position, meeting HG, HQ, IP, 
NR, at G, Q, P, R, so, that GQ . GR : GP 
shall be a Ratio of Equality. 

This Problem, therefore, is A particular Case or thk 

XX. B. IL 



The Analysis will differ veiy little from the above, when our 
Problem has the folio«^mg more general Enunciation. 

Given the Difference of the Angles at the Base, a 
Line, to which the Sum, or the Difference, of the 
Sides, has a given Ratio, and a Line having a 
given Ratio to the Sum, or to the Difference, of 
two Lines, one of which has a given Ratio to a 
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Line drawn from the Vertex, making a given 
Angle with the Base, and the other, a given Ratio 
to the Difference of the Segments of the Base, 

by the Perpendicular. 



PROBLEM XXV- 

Given in position, the right Lines CL, CR, and 
the Points N, P, Q: to draw the Lines ML, 
NR, including a given Angle, and meeting CL, 
CR, at L, R, so, that right Lines drawn to the 
given points, P, Q, from the points L, R, shall 

contain a given Angle. 



ANALYSIS. 

The Lines NL^ NR, LF^ RQ, being supposed drawn ; join 

the Points N, C ; imd P, C. 
Also, make CND, PIQ, equal to the given Angles. 
The Lines NC, PC ; also, the pcnnts N, Q ; are ^ven in posi- 
tion,; apd, 
CND, PIQ, 
are given Angles : 
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Hence, ND and IQ, arc given in position. 
Make ND=NC, and, in IQ, take QB=PC : 

Then, 

the points D and B are given. 

Draw DV, BM, making the Angle NDV=NCL, 

QBM-PCL; and, let QR, NR, meet LP, BM, DV, at K, 

M,V. 

The Lines DN, BQ, are given in position ; D, B, are g^ven 

points, and NDV, QBM, are given Angles ; 

therefore, 

DV, BM, 

are given in position. 

Also, since the Angle 

CND= LNR, NDV =NCL, QIP= QKP, and 

QBM= PCL; it evidently foltows, that the Angle 

DNV= CNL, and IQK= IPK== BQM ; 

Or, the Triangles 

NCL, NDV ; and PCL, BQM; 

are equiangular, and mutually ecjual : 
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Haviog 
NC :ND»CL :DV; and, PC :QB»CL: BM: 

Aboy 
ND-iNC,andQB».PC: 

Consequently, 
DV«CL»BM. 

The Points N, Q, and the right Lines CR, DV, 
BM, then, are given in position : to draw NR, 
QRy to R| in the Line CR, so, that meeting 
DV, BM, at V, M ; the Segments DV, BM, 
cut off, shall be equal to each other. 

Thk 18 A PARTICULAR CA8K OF PROBLEM, XXVL B* L 



Frobfem XXV. may be enunciated as fbllowa. 

Given two opposite Angles, to determine the 
Trapezium ; when the Sides, containing one of 
the given Angles, pass through two given points, 
those containing the other given Angle, intersect 
at another given Point, and, the two remaining 
angular Points are posited upon two right Lines, 

given in position. 

Among the Deductions, appear the Problems below. 

The Lines DR, KNM, and the Points P, Q, 
are given in position : to determine the point R, 
in DR, such, that drawing RP, RQ } also, PM, 
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QN, making RPM, RQN, equal to two given 

Angles ) the Ratio, Sum, or Difference, of the 

Segments KM, KN, shall be given. 

Given in position, two Points, and three right 
Lines : to assign the position of a Point, in one 
of the Lines given in position, such, that, thence, 
drawing Lines to the two given Points, and, from 
those points. Lines making given Angles with 
the Lines first drawn ; the Lines, last drawn, shall 
meet the two remaining Lines given in position, 
and cut therefrom, two Segments, of which, the 
Ratio, Sum, or Difference, shall be given. 



PROBLEM XXVL 

The Points M, N, P, Q, are given in position, 
as also the right Lines CL, CR : to draw the 
Lines ML, NR, including a given Angle, and 
meeting the Lines CL, CR. at L, R, so, that 
drawing LP, RQ, to the given points P, Q ; the 
Lines LP, RQ, shall include a given Angle. 
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ANALYSIS. 



Suppose the position of ML, NR, to be determined. 
Draw LPy RQi MC, PC : let ML, NR, intenect at B, and 

LP, QR, at D. 
From N, Q, draw NH, QI, making, with CM, CP, the Angles 
CHF, CIQ, equal to the given ones MBN, PDQ. 
Take, in NH and QI ; KF->MC,and QK-PC. 
The point N,.aiid the Line CM^ 
are given in position ; 
and, . . ■ 
the Ang^ CHF, and the Line CM, 
are given ; • i 
NH or NF, 
is, thence, .given in position, 
and, also, F b a given Ppint. 
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Again, 
the position of the Point Q, and of the Line CP, 

is given ; 
also, 
the Angle QIC, and the Line CP are given : 

Then, 

the position of QI, or QK, and the point K, are given. 

Draw FG, KV, making the Angle NFG=MCL, and 

QKV-PCL : 
The Intersections of NR, FG ; and of QR, KV ; being at G, 

andV. 

Since FN, KQ, are given in position ; F, K, given Points, 

and NFG, QKV, given Angles ; 

it follows, that the Lines 

FG, KV, 

are given in position. 

Moreover, 

the Angle MHF-MBN, and QIC»QDP, 

Or, the Points 
N, H, M, B; andQ, I, P,D; 
are in the Periphery of a Circle: 

Consequently, the Angle 
FNG«CML, and KQV-CPL : 

That is, the Triangles 
FNG, CML ; and QKV, CPL ; 

having, also, the Angle 
NFG^MCL, and QKV«PCL ; 
NF=MC, and QK«PC ; 
' are equiangular, and mutually equal : 

Or, 
FG-CL-KV. 

We have then, Given in position, the Lines 
CR, FG, KV, and the two Points N, Q : to 
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inflect the Lines NR, QR, to a point R» in CR» 

such, that NR, QR, shall cut off. from FG, KV, 

the equal Segments FG, KV. 

A FARTICITLAR CaSI OF THE XXVI. PROBLEM, B. L 



The preceding ProUem might haye been proposed under the 

following Form. 

Given two opposite Angles, to construct the 
Quadrilateral, so, that the Sides shall pass through 
four given Points, and the two remaining angular 
p(mits be posited on two right Lines, given ia 

position. 

Two Deductions are presented for Determination. 

Given in position, the three Points P, Q, R, and 
the two Lines DV, HKL : to draw PV, QV, 
to intersect at V, in DV, so, that drawing PL, 
RK, making given Angles with VP, VQ, meet- 
ing HL, at L, K ; the Ratio of the Segments 
HL, HK : or the Sum, or Difference, of Lines, 
to which HL, HK, have given Ratios ; shall be 

given. 

Three Points P, Q, R, and three right Lines 
DV, HL, MK, are given in position : to inflect 
PV, QV, to V, in DV, so, that drawing PL, 
RK, making given Angles with VP, VQ, meet*- 
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ing HL9 MK» at L^ K ; the Ratio of the Seg- 
ments HL, MK : or the Sum, or Difference, of 
two linesy to which HL, MK, have given Ra- 
tios ; shall be given. 



PROBLEM XXVII. 

The Lines DQ, £R, and the point P, are ^ven 
in position ; to draw the right Line PQR, meet- 
ing DQ, £R, at Q, R, so, that the Sum, or the 
Diflferenccy of Lines, to which DQ, £R, have 
given Ratios, shall be given. 




ANALYSIS. 

The porition of the Line PQR, we will 8uppoie to be deter- 
mined. 
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Let DG, GAy be the Linte to which DQ, ER, have the gi?en 

Rattof. 

Then DG^ GA= DA, is a given Line, 

and, as D is a given pointy 

the point A is, therefore, given* 

Join P, D; draw GL parallel to RP, meetinif PD at L, and 

draw AL« 

By parallel Lines, 

DP:DL=rDQ:DG, 

is a given Ratio, 

and DP {s given in position and Length ; 

Or, 
the point L is given ; 
and, consequently, AL, joining the given Points 

A,L, 

is given in Length and position. 

Draw EB, RB, making the An^ REB«GAL, andT 

£RB= AGL, 
The Angle GAL, and its Equal, GEB, are given, and, E is a 

' given Point ; 
hence, EB itf given in position. 
Also^ the Triangles 
AOL,£RB, 
having two Angles, in each, ^qoal, have, likewise, their remain- 
ing Angles equal ; 
Or, they are equiangnlar Triangles : 
That \a, 
LA : BE= GA : RE, 
is a given Ratio : 
It follows, that EB is given, B, thence, a given Point, and the 

Angle 
AGL =:ERB= CQP. 

"We have THEREFOttE GIVEN, The Points P, B, 
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and the Lines CQ, CR, in position : to draw 
FRy BR, to R, in CR, making equal Angles 

with CQ, CR. 

Which is our General Problem. 




IL H 



Otherwise. 

Let DB| BE, be the Lines to which DQ, ER» have the given 

Ratios: 

Then, DK, or the Point K, is given. 

Draw BL parallel to QP, meeting a Ldne through D and P, 

at L. 

Because of parallel Lines, 

DP:DL=DQ:DB 

equal a given Ratio, 

and DP given, 

in Length and position : 

Hence, DL, or the Point L, is given. 

Now, 
PR 18 parallel to LB, the Points P, L, £, K, are given, and 

£R : BK 
is a given Ratio. 
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TfiUBBEFOREy 

Our Problem is. To draw, from the giyen Points 
P, L, the Parallels PR, LB, meeting EC, KC» 
tfro Lines given in position, at R, B, and deter- 
mining the Segments £R, KB, in a given Ratio. 

A Case ov Problbm XL B. L 
The following deduced Probfem is added. 

The Lines AD, AB, and PM, parallel to AB ; 
also, the Points P, M, Q ; are given in position : 
to draw the Parallels PB, AL, meeting AB, 
MP, at B, L, so, that drawing BD parallel to 
another Line given in position ; and making 
MK : ML equal a given Ratio : the Points D, 
K, Q, shall be in the same right Line. 



PROBLEM XXVIIL 

The right Lines DC, EC, and the points P, M, 
are given in position : to draw the Parallels PQ, 
MR, meeting the Lines CD, CE, in Q, R, so, 
that the Sum, or the Difference, of Lines, to which 
the Segments DQ, ER, have given Ratios, shall 
be given : or, that the Rectangle of DQ, ER, 

shall be given. 
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ANALYSIS. 

Suppose the required Parallels to be drawn. 
Take DI, IL, the Lin^s to which DQ, ER, have the giyen 

Ratios. 
Then, DI+ IL= DL, and the Point D, being giren ; L is, 

consequentlji a given Point. 

Join D, P ; and draw IH parallel to QP. 

Because of Parallels, 

DP : DH= DQ : DI, 

is a given Rado, 

and DP given ; 

hence, 

DH, or the Point H, is also given. 

iWkerefoiie, 

Since the points H, M ; as also, the RaUo IL : £R ; 

are given, 

and HI parallel to PQ, or to MR ; 

The Cases for the Sum and Difierence, are, obviously, the sane 

as THE JlkL PROBIiElii B, I. 
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That is. 

We are required to draw, from the two giren 
Points H, M, the Pandleli HI, MR, meeting 
the lined LI, £R, given in j^sition, at I, R, 
so, that the Segments LI, ER, cut off, shall have 
to each other, a given Ratio.* 




Other wisB. 

Liet Dly IL| be the Lines to which DQ, ER, have the given 

Ratios: 

Then, DL, and the Point L, are given* 

Draw EM, LK, IK, making the Angle ILK= REM, and 

LIK»ERM. 

The Point L, and the Angle CLK= CEM, are given, or, 

LK is given- in position. 

Abo, the Triangles REM, ILK, are equiangular, 

having 

EM : tK===ER : M, 
a- given Ratio; 

and EM given ; 

hence,' LK> or K, is given. 

2 
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Draw QN parallel to IK, meeting a Line through D, K, at N« 

Now, 

DN : DK«:DQ : DI, 

is a given Ratio, 

and, DK is given in Length and position; 

Or, the point N is given : 

Also, 

the Angle LKI r±=£MR, and NQ, PQ, are parallel to KI, 

MR: 
Or, 
NQ, PQ, make equal Angles with LK, £M, 
and intersect at Q, in the Line DL. 

A Case of the General Problem* 




When the Rectangle of DQ, ER, is given. 



Join P, D ; draw £A, RA, making the Angle CEA»PDQ, 

and ERA=: PQD. 
The Lines CD, DP, are given in position, 

Or, 
the Angle PDQ, or CEA, is given : 
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Abo, 
CE if given in position, and £ is a given Point, 
the position of £A, then, is given. 

Now, 
the Triangles PDQ, AER, are, evidently, equiangular, where 

PD:DQ^RE:EA: 

That is, 

PD • EA= DQ . ER, 

is a given Rectangle, 

«nd the Line PD is given : 

Therefore, 

£A| and the Point A, are given : 

Ako, the Angle 

MLB= PQD= ARE : 

The Intersection of CD, MR, beiqg at L. 

COKSXQUEMTLT, IN THIS CasE, 

We have to draw. fix>m the given Points A, M« 

the Lines AR, MR, to R, in CE, so, that AR, 

MR, shall make equal Angles ARE, MLB, with 

the Lines C£, CB, given in position. 

Which is the General Problem. 



Otherwise. 



Draw ME, and PI paraM tliereto, meetiiig DC, and DL, a 

parallel to CE ; at 1 aod L* 

Then DL, IL, and the Points I, L, are given in position. 

Draw QN, NK, parallel to DL, QP, meeting IL, 

DL, at N, K. 
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The Rectangle DQ . £R, and the Ratio DQ : NLs= DI ; IL, 

are given; 

Or, the 

Rectangle NL • ER is given : 

Because of similar TriangleSi 

£Ai:ER=LN;LK, 

thcQy 

EM . LK= NL . ER, 

is a given Rectangle, 

and EM a given Line : 

Therefore, LK, or K, is givjsn : 

Also, because of Parallels, 

IQ : IN= ID : IL, 

is a ^ven fUtip, 

And PQ, KN, are parallel. 

Hence, 

The Points P, K, and the Lines IQ, IN, are 
given in position ; to draw the Parallels PQ, 
KN, meeting the Lines given in position at 
Q, N, so, that the Ratio IQ : IN shall foe given. 

A f ARTicuLAn Case ow the XL B. I. 
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PROBLEM KXIX. 

Tbe Lines DC, EC, aad the points P, M, are 
given in position : to draw the right Lines PQ, 
MR, including a given Angle, and meeting CD, 
CE^ in Q, R, sq, that the Sam, or the Differ- 
ence, of Lines, to which the Segments DQ, ER, 
have given Ratios, shall be given : or, that the 
Rectangle of DQ, ER, may be given. 




ANALYSIS. 

Admit the Positioa of PQ and MR to be assigned : and let 
DI^ ILy be the Lines, of which the Sum, or the Di&rence, 

is given. 

Then, DI]3|.IL =DL, is a given Lme, 

and D is a given Point ; 

therefore, the Point L is given. 

Draw DP, also IH, parallel to aP, meeting DP at H. 



mA ^< 
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Now, 
DQ:DI 

is a given Ratio, 

and^ obviously, 

DP : DH= DQ : DI; 

then, 

DP:DH, orDH-.HP, 

is a given Ratio : 

Or, the given Line DP is divided in a given Ratio, at H : 

That is, H is a given Point. 

Hence, from the given Point H, the Line HI is dniwn, parallel 

to PQ ; and PQ makes a given Angle with MR ; 

or, HI makes a given Angle with MR : 

And, £R : LI equal 

a given Ratio. 

That ts, MR, HI, are to be drawn, from the 
given Points M, H, to include a given Angle, 
and to cut off, from the Lines CE, CL, given 
in position, the Segments £R, LI, which shall 
have, to each other, a given Ratio. 

Which is the Form of Problem XVII. B. I. 

Otherwise. 

ParaM to the Line, passing through E, M , draw PK, meeting 

DK, parallel to EC, at K. 

The points P, D, are given, 

and, 

PK, DK, 

are parallel to Lines given in position, 

Or PK, DK, and the point K, 

9te given in position. 



.. •' 
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Let BN, NK^ be the Lines, to which DQ» ER, have the given 

Ratios, and draw NH parallel to MR. 

Then, KB and the point B, are given : 

Also, because of Parallels, 

ER:KN=EM:KH 

equal a given Ratio, 

and EM is given : 

Therefore, KH, and the point H, are given. 

Now, 

HN is paraiy to MR, 

Or, 

PQ, HN, 

indude the given Angle, and determine the Segments 

DQ, BN, 
in a given Ratio. 

That iS| 

The Points P, H, and the Lines DQ, BN, are 
given in position : to draw PQ, HN, including 
a given Angle, and determining, on the Lines 
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given in position, the Segments DQ, 6N ; hav- 
ing a given Ratio* 

This is thb XVII. 6. L 




t^en the REtTAKiaLE of the Segments DQ, 

£R, is given. 



Draw PD, £B, BR, fflaking the Ang]e CEB==CDP> and 

ERB= DPQ, 

Now, DQ . £R is a 

given Rectangle, 

and the Triangles PDQ, R£B,. being equiangular, 

PD : DQ= RE : EB, 

Or, 

PD.EB=DQ.RR; 

then, PD • EB is a given Rectangle, and PD a given Line ; 

therefore, EB is a given' Line : 

The Position of EB is, also, given : For, CE is given in position, 

and CEB is si given Angle : 

Then, l^e Point B is given. 

Draw ML, EI, making ML parallel to PQ, and the Angle 

B?EI»RML equal the given Angle ; and, let ML, MR ; BR, 

meet DC ; £l, at &,- K ; L 



.^^^^M^ 
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The Line BE is pren in potitioDy 

andi B£I is a giTen Anj^e ; 

Or, the 

Position of £1 is giyen. 

Akoy the Angle 

KML= BEI, 

and, by Paralleby ' 

KLM=DQP=IBE: 

Consequently, the Angle 

LKM =BIE. 

That is, 

The Lines EC, DC, EI, and the points M, B, 
are given in position : and our Problem is, to 
draw MR, BR, intersecting at R, in EC, and 
making, with DC, £1, the equal Angles CKM, 

BIE. 

This is a Casb or the Gemeral Problem. 



OtHEkwrsB. 

Join the Points E, M. 
Draw PI parallel to EM ; dso, DL,;QN, psralld to EC ; and 

KK parallel to MR. 
The P<nnts P, D, and the Lines EM, EC, CD, are given in 

position, 

therefore, the Position and Length, of 

PI, DI, IL, 

are giren. 

a2 
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Aiao, DQ • £R is a given Rectangle, and DQ : LN 

equal DJ : LI, is a 
given 'Ratio : 

Then, . . , . 

LN.ER 

is a given Rectangle. ^ - 

Ndw, because of parallel Lines, we have 

EM : ER=: LN : LK, 

Or, EM . LK =LN . ER, is 

a given Rectangle, and, EM is a given Line : 

Then, LET, or the point K, is given. 

Moreover, 

KN is parallel to RM, and, the Lines PQ, RM» 

include a given Angle; 

therefore, the Lines PQ, KN, include a given Angle: 

Also, 
PQ, KN, are drawn from the given Poiius P, K, 

• and determine 
IQ : IN =ID : IL, 
a given Ratio. 

We are here required to (fraw, from the given 
Points P, K ; the Lines PQ, KN, including a 
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given Angle, and determibing, on the Lines ID, 
IL, the Segments IQ, IN ; or DQ, LN: hav- 
ing a given Eatio. 

A PARTICULAR Case of the XVII. fi.L 



PROBLEM XXX. 

The Lines BG, BD, EG, and the Points P, 
M, are given in position ; as also, the Points D,' 
£, in the right Lines BD, GE : to draw the 
Lines PV, M V, having thdr Point of concourse 
V, in the Line BG, and meeting BD, EG, at 
Q, R, so, that the Sun}, or the Difference, of 
Lines, to which the Segments DQ, ER, have 
given Ratios, shall be given : or so, that the 
Hectangle of the Segments DQ, ER, shall be 
equal a given Magnitude. 



ANALYSIS. 

"We will suppose the position of PQ, MR, to be determined i 
and FD, FI, the Lines to which DQ, ER, have the givea 

Ratios. 
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Dww EM, IH, FH, makmg the Angle FIH=GEM, and 

IFHte.GRM. 
Then, ¥lj^¥Df of DI, and the point Dj are ffftn; oi> II9 

a gWen Point. 
AteO| 
lince FIHskREM equal a given Angle, and the point I given ; 

the position of IH is ^yen« 

Andy as 

FIH, REM> 

are, obviously, equiangular TViangles, 

having EM : IH»ER : IF, a given Ratio, 

and EM given: 
Therefore, IH, or the point H, is given. 
Join D, H ; and, let QKN, drawn parallel to FH, meet RM, 

DH, at K, N. 

Jhe Ratio DQ : DF=^DN : DH, is ^ven, 

and, DH is given in Len^b and Positioi^ 

hence, DN,and, therefoie^ the point N, are given. 
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Moreover, 

the Angle CRK»CFH =CQK, because of Paralleb ; 

Or, the Vcmta C, Q, R, K, are in a Circle ; 

and, consequently, the Angle 

QKR =:QCR : 

That is, 

NQ, MV, 

contain a given Angle. 

Wherefore, 

The Lines CQ, BV, and the Points N, M, P, 
are given in position : and, we have to draw NQ, 
MY, including a given Angle, and meeting the 
Linea given ia position at Q; V,. so,, that the 
Line QV shall pass through the remaining 

point P. 

This i& the XXV-.PEQJiL<M».B« I* 



Otherwise. 

Draw ME, and PL parallel thereto : 
Make ME : PL equal the second given Ratio. 

Then, 

PL 

is given in position and Lengthy 

Or,.L is 

a given Point. 

Staw LN parallel to C£ ; and, let NE, KL, be the Lines, to 

which DQ, ER, have the gi?en Ratios. 

Join K, P. 



' \ 
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Now, LN 18 given, m position and Length, or, the point N is 

given: 
Also, since 
ME:PL=ER:LK, 
equal the second given Ratio, 

and, 
PL, LK, paraUel to ME, ER : 

Therefore, 
PK is parallel to the Line MR. 

That is, 

The points P, M, and the Lines BG, BD, NL, 
are given in position : to draw PV, MV, to V, 
in BG, such, that PV, and PK, a Parallel to 
MV, meeting BD, NL, at Q, K; the Ratio 
of the Segments DQ, NK, shall be given. 

A Case ov Problem IX. B. JL 
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Or thus. 
Dzaw FN i and MF, parallel to FN, meeting CE at F. 

Theoy 

DQ : VK, 

and, 

FR:NK=FM:NF; 

are given Ratios : 

Hence, DQ : FR is a given 

Ratio. 

Therefore, 

We have only to draw PV, MV, to V, in BG, 

determining the Segments DQ, FR, in the Lines 

CB, CF, having a given Ratio. 

Which is PROBLieM XXVI. B. I. 

When the Rectangle of the Segments DQ, 
ER, is equal a given Magnitude. 



Draw £M, DA, QA, makbg the Angle CDA= GEM, 

and BQA =r£MR. 

The Rectangle DQ . ER is given : 

And, because of the equiangular Triangles 

ADQandREM, 

DA : DQ= ER : EM, 

Or, 

DA . EM-DQ . ER, 

a given Rectangle, 

£M a given Line, anf 'CDA*»GEM, a given Angle ; 

Hence, DA is given, 

in Length and position ; 

and, therefore, A is a given Point. 
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Let DA, QA, iateraect CG, MR, at E and L. 
The Lines CG^ D Ay are given in pQgitton» 

then, 

K 16 a given point, or- AKR it a given Angle : 

Also, the Angle KAL»KRL; or, the Angle ALR—AXR ; 

Or, 

the Angle ALR is given : 

That is, 

AaMV, 

indude a grven Angle. 

THEBEFOREt 

The Points A, M, P, and the Lines CQ, BV, 
are given in position : to assign the position of 
AQ, MV, including a given Angle, so, that 
meeting the Lines given in position, at Q, V ; 
the three Points P, Q, V, shall be in the same 

right Line. 
W];iCH IS Problem XXV. B. L 



J 
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OVHBRWtSS* 

Join the points E, M. 
Draw DN, QL, paraUel to C£ ; and DL, LN, parallel to 

RM, ME; meetbg QL, DN| at L, N* 
TbeBectan^ DQ. ES» and the.IUtio DQ : NL| aie given; 

theni 

NL.EB 

it a ipyen Reetan^ 

Now, die Triangka DNL> REM, are, obrioinly, simSar, 

haring 
DN:NL=:RE:£M, 

Or, 

DK.EM=3NL,.EB, 

a given Rectan^e ; . 

and, the Line- EM is given : 

Then, DN is given. 

The Line DN is given, also, in position, or, the point N is 

given ; and, therefore, NL, being paraDel to EM, is given in 

• r 

• • » I • • > 

position. 



2b 
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CONSiaUENTLT, 

We have given in position, The Lines BG, DC, 
NL, and the Points M, P, D : to draw MV^ 
PV, to V, in BG, such, that PV, and DL, a 
Parallel to MV, meeting DC, NL, at Q, L ; 
the Ratio DQ : NL, may be given. 

A Case of thbIX. B. IL 

Ott, OF THE XXVI. B. I. 

as in the Case for the Sum and Difference. 

From the XXVIIL,«ii4 thetwo following Prob- 
lems, we have jpurposely omitted making the 
usual Deductions : leaving: the Notice of. tho6e» 
which the Caursv of kh« Solutions m.^y.have sng^ 
gested, as'a(b Bidercni,<6Ste«tiiatiollie^Ge^ 

With Problem XXXi, M close the Ej^amples 

' 'in' Ai^Artlrtiis. ' 



Book IIL, or our intellectual Gymnasium, opens 
with an Arrangement * of • the Problems that 
have been deducck!,'diiHng the preceding In* 

quines. 

To extend alid iniproire tli'dte GEo:ii6*tti6Ai. 

Exercises, we liaVe^'given an additional SerieSy 

of selected, and original Problem^. 



i 
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(^ig(£)mii<^iEii(SiiiL 



EXERCISES. 



: A • I ..» *Wfc*i> X 



©ED U € T I O N S, 



■FROM BppIE^ J. 



:PIlOBIf.£M L 

iTo determine two Lines, of which, the Rectan- 

gle and Ratio are giveii. 

ir. 

To draw, from two given Points, two Lines in- 
tersecting each other .in a right Line given in 
po8Jt»onr&Bd,iwifb twp. other rLisc|8,a])3o^i!!9n.m 

fi^im^^m^iki^ Angles, of ^ly^cbi thp Siiip, or 
the Di&renoB, fihall bc^givfi^ 

m. 

To determine two Lines, (taving to each other a 
given Ratio, such, that adding a given Line to 
each, the Rectangle of the compound Lines, 
'shyi^be 4equal M a ^^b ^Harcf^r - 
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IV. 

To deteimi^^ id a tight Line ACF, ^vet in 
position, and intersecting a given Circle in C, 
P ; a Point M, such, that drawing a Tangent to 
the Circle, from M ; the Segment AM shall be 
equal to that Tangent ; or shall have any given 

Ratio to it. 

V. 

The point N, in the Line AP, is gif en : to de. 
termine another point M, in AP^ such^i that the 
Rectangle under the Segment MP, and a given 
Line, shall be equal, or l^ave any given Ratio, to 
the Square of the Tisngent, from M, to any Cir- 

cle, passing through the points N, A. 

'I 

• VL 

To draw, from a given Point, a right Line, meetr 
ing two right Lines given in position, and cutfitig 
off Segments, such; that the Sum, ^r 'ihe Differ- 
ence, of one of the Segments, and a Line to 
which the other Segn^citt has a given Ratio, 

shall^ be given. 



^ vn. 

' » • < . . • • < • I 



"Tjf) '.'^* 






Given the Vmtmi^j w4 (^wo Liqea b^ving giv- 



y 
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en Ratios to the Perpendicular, and the Line 
bisecting the vertical Angle \ to determine the 

Triangle. 

VIII. 

Given the Base, and the Difference of the An* 
gles at the Base, to determine the Triangle, 
when the vertex is posited iu a right Line given 

in position. 

IX. 

Given in position, a Point and three right Lines : 
to draw, from the given point, two right Lines, 
making, with one of the right Lines, two Angles, 
of which, the Difference, or the Sum, shall be 
given, and cutting off, from the two remaining 
Lines, Segments, having a given Ratio. 

X. 

Three right Lines and a Point, being given in 

position : to draw, from the ^iveu point, two 

right Lines, making, with one of the Lines given 

in position, equal Angles, and cutting oft^ from 

the two remaining Lines, Segments, of which, 

the Ratio, the Sum, or the Difference, shall be 

given. 
' 2c 



/ 
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XL 

From two given Points, to draw two right Lines, 
making equal Angles, with a right Line given 
in position, and cutting off Segments, from two 
other right Lines, given in position, such, that 
the Ratio, Sum, or Difference, of those Seg- 
ments, may be given. 

XIL 

Through a given Point, to draw a right Line, con- 
stituting, by its Intersection with two Lines giv- 
en in position, a Triangle of a given Magnitude. 

XIIL 

Three right Lines and a Point, are given in 
position : to draw a Line, through the given 
point, intersecting two of the given Lines, in 
two Points, such, that the Sum, or the Difference, 
of the Perpendiculars, from the Points of inter- 
section, upon the remaining Line, shall be given. 

XIV. 

Given the Hypothenuse, and the Line bisecting 
the Right Angle, to determine the Triangle. 



J 
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XV. 

n/ To determine the right angled Triangle, there 
are given, one of the Sides, and the Perpendicu- 
lafy from the right Angle, upon the Line bisect- 
ing the Angle opposite the given Side. 

XVI. 

From the Point A, in the Line AD, to draw 

AE, to £, a point in the perpendicular DE, suchj 

that the right Line bisecting the Angle AED, 

shall touch a given Circle, to the Centra D. 

XVIL 

In the Line DH, perpendicular to the Radius 
UG, of the given Circle DGI, is the point A : 
to draw the Tangent PI, touching the Circle 
At I, and meeting DG at P, so, that joining the 
Points I, A, and drawing PH parallel to lA, 
meeting DA at H ; the Segments AD, AH, 

shall be equal. 

XVllL 

The Line AD is perpendicular to the Radius 

DG, of the given Circle DIG : to draw AIE, 

meeting the Circle at I, and DG at E, so, that 

£1 may be equal tp ED. 
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In a right Line, intersecting two Circles given 
in position and Magnitude, to determine a Point, 
such, that Tangents to the Circles, from the 
Point so determined, shall have, to each other, a 

given Ratio. 

XX. 

Given the two Sides, and the Sum, or the Dif- 
ference, of two Lines, to which the Segments of 
the Base, by a Perpendicular from the vertical 
Angle, have given Ratios, to determine the 

Triangle. 

XXL 

r * 

To determine a Point P, in the Line passing 
through the Centres, of two given Circles, such, 
that drawing PQR at right Angles to the Dia- 
meters, meeting the Circles at Q, R ; the Ratio 
of PQ to PR shall be given. 

XXIL 

To add, to a given Line, or to take from it, 
another Line, such, that the Difference between 
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a given Square, and the Square of the compound 
Line, or the Square ofthe remaining Line ; shall 
have, to the Diflference between another given 
Square, and the Square of the Line added to, 
or taken from, the given Line, a given Ratio. 

XXIIL 

To take from, or to add to, a given Line, 
another Line, such, that the Rectangle under 
the Remainder, or the Sum, and anotber given 
Line, shall be equal to the Square of the Line 
taken from, or added to, the given Line. 

XXIV. 

Given two Lines, to determine another Line, 
such, that adding it to one of the given Lines, 
and taking it from the other ; the Rectangle 
under the Sum and the Part added, shall be equal 
to the Square of the Difference. 

XXV. 

The Line FD is perpendicular to the given Line 
AFI : to draw AD, to a Point D, in FD« such, 
that making ADB tf right Angle, IB shall be 

equal to BD. 

The Point B being the Intersection of DB, AL 
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XXVI. 

From the Centre A, of the given Circle AIN, 
to deflect the right Lines AN, AD, including a 
right Angle, meeting the Circle at N, and a Per- 
pendicular FD| to the Radius AI, at D, so, that 
the Points N, D, I, shall be in the same right 

Line. 

XXVIL 

To describe a Circle that shall have its Centre 
in the right Line I A, pass through I, and inter- 
sect the right Line FD, given in position, in D, 
80, that DA being drawn, shall be a Tangent to 

the Circle. 

XXVIIL 

The right Lines BM, DN, and the Point L, 
are given in position : to draw LM, MN, meet- 
ing BM, DN, at M, N, making the Angle 
LMN of a given Magnitude, so, that the Ratio 
of BM to DN shall be given. 

XXIX. 

Given in position, the Points L, V, and the 
right Lines BL, BM, DV, DN : to draw LM, 
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VNy making equal Angles with LB, YD, and 

meeting BM, DN, at M, N, so, that the right 

Line passing through the Points M, N» shall 

make a given Angle with LM, or VN. 

XXX. 

In each of two right Lines, given in position, to 
determine a Point, such, that a Line, passing 
through those Points, shall be parallel to another 
Line, given in position, and, that a Circle, to 
contain a given Angle, being described through 
the same Points, shall pass through a given 

Point. 

XXXL 

Two right Lines and a Point, being given in 
position : to describe, through the given Point, 
a Circle^ such, that the Segments of the Lines, 
intercepted between their Point of concourse, or 
between given Points in the Lines, and the In- 
tersections of the Circle, shall have a given Ratio 

to each other. 

XXXIl. 

Two Points and three right Lines, being given 
in position : to draw a right Line, making a 
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given Angle with one of the Lines given in posi- 
tion, and meeting the remaining ones, so, that 
lines, drawn from the Points of Intersection, to 
the given Points, shall either include a given 
Angle, or have their Point of concourse, in 
another right Line, given in position. 

XXXIIL 

To construct the Quadrilateral, when one Side 
is given in Length and position, the two Sides 
adjacent to the given one, are parallel, the re- 
maining Side passes through a given Point, and 
the angular Points, at its Extremities, are posited 
on two right Lines given in position. 

XXXIV. 

4 

The Point R, and the right Lines AL, MV, 
EF, are given in position ; of which, MN, EF, 
are parallel : to inflect MV, NV, to a Point V, 
in EF, such, that making MI : IV=NH : HV, 
equal a given Ratio, and drawing RA, RL, 
through I, H : the right Lines passing through 
the Points M. A \ and N, L ; shall be parallel. 

XXXV. 

Given the Diagonals, the Angle they make with 
each other, and the Position of one of them, to 
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determine the Quadrilateral, when either Pair of 
the Qpposite Sides, has its Point of concoiitse 

given in position* 

XXXVI. 

Given the Diagonals, their point of Intersection, 
the Ai^le they include, and the position of one 
of them, to constitute the Trapezium ; when 
either Pair of the opposite Sides produced, inter- 
sects each other, in a right Line given in position, 

XXXVIL 

Given in position, four right Lines and a Point : 
to draw, from the given Point, two right Lanes, 
that shall intercept, on one of the Lines given 
in position, a Segment of a given Length, and 
meet tiAro of the remaining Lines given in posi? 
tion, do, that a Line, passing through the Points 
of Intersection, shall be parallel to the fourth 

Line, given in position. 

XXXVIIL 

One of the angular Points of a Triangle is given 
in position, also, the Magnitude of that Angle, 
to determine the Triangle ; when the other An- 

2d 
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gles are posited upon two Lines given in positioilf 
and the Side, opposite the given Angle, passes 

through a given Point. 

XXXIX. 

To describe a Triangle, sipailar to a given THk 
angle, having one of its angular Points given in 
position, and the remaining Angles posited upoa 
two right Lines, given in position. 

XL. 

To determine a Point, in a Line given in posi- 
tion, such, that drawing, thence, a Line to a givefir 
Point, also, a Line making a given Angle, with 
that drawn to the given Point, and a Line pa- 
rallel to another, given in position ; the two lat- 
ter shall cut off, from two other Lines given in 
position. Segments, from given Points therein, of 
which, the Ratio, Sum, or Difference ; or the 
Sum, or Di&rence, of two Lines, to which those 
Segments have given Ratios : shall be given. 

XLL 

Given one of the Angles, to determine the Tri- 
angle ; when the Sides pass through three given 
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Pointed and the remaining angular Points are 
posited upon two right Lines, giren in position. 



XLII. 

To determine the Quadrilateral, one of the Sides 
is given, in Length and Position, the Side^ op- 
posite the given one, passes through a given Point/ 
the angular Points, at its Extremities, are posited 
on two Lines given in position, and the remiun^- 
ing Sides include a given Angle. 



XLIIL 

Two Points, and two right Lines, are given in 
position : to draw, from one of the given points, 
two Lines, including a given Angle, meeting the 
Lines given in position, so, that Lines, drawn 
from the Intersections, to the remaining given 
pointt shall include a given Angle. 



XLIV. 

Three Points and two right Lines, being given 
in position : to draw, from one of the given 
points, two Lines, including a given Angle, and 
meeting the Lines given in position, so, that 
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Lines, from the Points of Intersection; to the twoi 
remaining points given in position, shall be pa<- 

rallel. 



XLV. 

To draw, from a given Point, two Lines, inter- 
cepting, on a Line given in position, a Segment 
of a given Length, and cutting oflP, from two 
other Lines given in position, between the Points 
of Intersection and given Points in those Lines, 
two Segments, having a given Ratio. 

XLYL 

Given in position, four right lines, BAd t wd 
joints : to draw, from one of the given points, 
two Lines, meeting two of the Lines given in 
position, at P, Q, and cutting therefrom. Seg- 
ments having a given Ratio, Sum« or Difference, 
so, that Lines drawn, from the remaining given 
point, to the Points P, Q, shall cut off, from the 
two remaining Lines given in position. Segments, 
of which the Ratio, Sum, or Difierence, shall 

also be given. 

XLVII. 
Four right Lines, and three Points, are gjiyen in 
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potttioD : to draw, through pne of the given 
points, a Line, meeting two of the Lines given 
in position, so, that Lines, drawn from the points* 
of Intersection, to the two remaining Points 
given in position, shall make equal Angles with 
the two remaining Lines, given in position. 



DEDUCTIONS, 



FBOM BOOK II. 



PROBLEM XLVIII. 

The Diameter AB, of a given Circle, a Point P 
in that Diameter, and the right Line MR, are 
given in position : to determine the Point R, in 
MR, such, that PQ, having a given Ratio to 
MR, being ^applied to the Circle, the Line pas- 
sing through Q, R, shall be at right Angles to 

AB. 



XLIX. 

The Line DR and the Parallels PQ, KL, are 
given in position : to draw PR, QR, to inter* 
sect at a point R, in DR, so, that meeting KL, 
at the Points M, N ; the Sum, or the Di£kr- 
ence, of KN, and a Mean-proportional between 
KL, KM, shall be equal to a given Line. 
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L. 

To divide a given circular Arc, into two Parts, 

such, that the Sum, or the DiflEerence, of two 

Lines, to which the Tangents of those Parts 

have given Ratios, shall be given. 

« « < * 

LI. 

Given the vertical Angle, the Length of a Line, 
from that Angle, making a given Angle with 
the Base, and the Sum, or the Difference, of two 
Lines, to which the Segments of the Base, by 
the Line from'the Vertex, have given Ratios, to 
.determine the Triangle. >.< . . 

LII. 

....... J 

To determine the Triangle, given the Hypothe- 
nuse, and the Sum, or the Difference, of two 
lines, to which one Side, and the alternate 
Segment of the Hypothenuse, by a Perpendicu- 
lar from the right Angle, have given Ratios* 

« » . 

The Line GR is perpendicular to the Diameter 
BD of a given Circle, and P isa given Point ia 



SO, or in 90 jprodaoei : to df»w PQ^-to a 
FoinC Q, lin Uie Periphery, suoh, that flawing 
QA.fflakiingail^ven Angle with 6R»«nd4Ktding 
to, 4ir tnkiog firomi SPQ, QR, 4he gifon l^ines Pi, 
QV ; or addiDg ffl io^PQ, and^dking QV^from 
QR : the 'Ratio :IQ : QV shuU be giren. 

UV. 

XbeirightiUqee V|D, UE. IF, andithe iPoiittP, 
ai^e^iven in petition : ctOiUfAWtRFi iPT» meetii^ 
lEtiX^E. ViD.^at F. T» B.©} .«o, ;that iFT : IT 
shall fte'|i;gtveo ;tiUtio»)imd •tbe*Siin),:or.die /Dif* 
fei^oefStAf two iLjnes, !to mhioh 'LEi tViD, k^re 
given Ratio9r ?guil B giren Line. 

UV. 

Tl>roiig(i{ two given iPointi, 'to describe a Girclot 
inter«eetfng a right Line given in position, in 
twO'poiiits*; «siH^,'tbat XJhonIs, drawn through 
tiie tivo pointsroflnterseetion, -and' through tv^o 
•thj^r given sPoiiUs ; shullinterKeet another right 
Line ^gi^eo^n poijtieni « in' the same iPoint. 

The Lines BD, BE, 9^,(and the Point P, are 
j^TW ifi|pf«tjon.i|dpp,ithe Poi|i(8TQ„|;(,iin,ithe 

2b 
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the given ones ; so, that one of the Chords shaH 
pMft through a given Poiot» another shall mako' 
a given Aogle with that passing through She 
given points and the remainii^ Chord shall cut 
oi^ from two Lines given in position^ two Seg- 
ments, making the Sum, or the Difference^ of 
two Lines, to which those Segments have given 
Ratios, equal a given Line. 

LXIIL 

To determine the Triangle, there are ^vea,. th» 
Sum, or the Difference, of two Lines, to which 
the Base, and a Line, drawn from the Vertex, 
making a given Angle with the Base, have given 
Ratios ; al&o, two Lines, to which the Diame- 
ter of the inscribed Clfcfe, and the Difierence 
h^Meh the ^m of the SidH and At Basfei 

haVd given Rati«k 

LXIV- 

HaViAg a Point and a right Line, given in poid- 
tion t to draw two Lides, frotil the given point, 
including a given Angle, that shall cut ofi^, from 
the Line given in position, two Segments, be- 
tween the points of Intersection, and a given 
Point, or given Points, in that Line, the Rec- 
tieit)gtfe of which shall be given. 



LXV. 

Twe givert' Circles, a Diaiaeter AB, of one of 
them, attd a Chord K L, of the other, are given 
ir> position-: to- assign, in AB, the points P, Q, 
such, that AP : PB= AQ : QB, and, that PK, 
QL, shall intersect in di« Periphery of the Cir* 

cle KL. 



LXVL 

Given in position, four right lines : to as8i<j;n 
the position of a Point, such, that drawing, from 
tk^ Point, fonr right Lines, meeting those given 

in position, in given Angfes ; the Sum, or the 

• 

Difference, of two Lines, to which two of the 
Lines so drawn, have given Ratios, shall be 
given : and» the Sttm, or the DiSerence, of the 
Rectangles, under two given Line3» and two. 
Lines, to whieh the two remaining Lines, drawn 
from the point assigned, have given Ratios, equal 

a given S()ace. 

LXVIL 

To draw, from the Points P, Q, posited in the 
Diameter AB, of a given Circle, the Lines PR, 
QR, to R» a Point in the Peiiphery of the given 
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the given enes ; so, that one of the Chords shaU 
pase through a giTen Pointt another shall make, 
agtfen Angle with that passing thiough Ibv 
gi?en pointt and the remaining Chord shall cut 
0^ from two Lines given in positiont two S^- 
ments, making the Sum, or (he Difference^ of 
two Lines, to which those Segments have given 
Ratios, equal a given Line. 

LXIIL 

To determine the Triangle, there are gpven, tlvs 
Sum, or the Difference, of two Lines, to which 
the Base, and a Line, drawn from the Vertex, 
making a given Angle with the Base, have given 
Ratios ; al&o, two Lines, to which the Diame- 
ter of the inscribed Clfde, and the Difierence 
bel«6eii the Stem of the Si4«s and tlie Base, 

haVd given RatiMb 

LXIV. 

HaViAg a Point and a rtght Line, given in poaii- 
iion : 16 draw two Lirtes, fronl the given point, 
includfng a given Angle, that shall cut ot^ from 
the Line given in position, two Segments, be- 
tween the points of Intersection, and a given 
Point, or given Points^, in that Line, the Rec- 
litiglb of which ^hall be given. 
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draw GR parallel to a fJne given in position ; so, 
that adding a given Line to each of tlie Seg- 
ments GR, G6, GP ; or, taking a given Line 
from each of them ; the Rectangle under two of 
the Sums, or under two of the Differences, shall 
have a given Ratio to the Square of the remain- 
ing Sum, or Difference. 
Or so, that 
adding a given Line to GR, GB, and taking a 
given Line from GP ; or taking a given Line 
from GR, GB, and adding a given Line to GP : 
the Rectangle of the Sums, or of the Differences, 
shall have a given Ratio to the Square of the 
Difference, or of the Sum, of GP, and the given 

Line. 

LXXL 

The Lines RN, DL, BM, and the Points P, R, 
Q, are given in position : to draw the Parallels 
PN, RL, meeting BN, DL, at N, L ; so, that 
NL, and QM, parallel to NL, being drawn ; 
the Lines PN, QM, shall meet BM, at the 

same Point M. 

LXXIL 

To determine the Triangle, there are given, the 
,Ba8e, a Line from the Vertex, dividing the Base 
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Circle ; such, that adding to, or taking from, 
PR, QR, the given Lines PL, QK ; or adding 
PL to one, and taking QK from the other ; the 
Sums, or the Differences j or the Sum and Dif- 
ference, shall have to each other a given Ratio. 

LXVIIL 

From two given Points, to draw two Lines, in- 
cluding a given Angle, and meeting two Lines 
given in position ; so, that drawing, from the 
points of Intersection, two Lines, parallel to two 
other Lines given in position ; the two Lines, 
last drawn, shall have their Point of concourse^ 
in another right. Line given in position. 

LXIX. 

The Lines FR, LP. KH, HF, are given in 
position : to draw GR, parallel to another Line 
given in position, meeting FR, LP, KH, HF, 
at R,P, B, G ; so, that the Sum, or the Differ- 
ence, of two Lines, to which GR, GB, have 
given Ratios, shall have a given Ratio to the 

Segment GP. 

The Lines are posited as in the preceding : to 
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draw GU parallel to a fane given in position $ so, 
that adding a given Line to each of the Seg- 
ments GR, G6, GP ; or, taking a given Line 
from each of them ; the Rectangle under two of 
the Sums, or under two of the Differences, shall 
have a given Ratio to the Square of the remain- 
ing Sum, or Difference. 
Or so, that 
adding a given Line to GR, GB, and taking a 
given Line from GP ; or taking a given Line 
from GR, GB, and adding a given Line to GP : 
the Rectangle of the Sums, or of the Differences, 
shall have a given Ratio to the Square of the 
Difference, or of the Sum, of GP, and the given 

Line« 

LXXL 

The Lines RN, DL, BM, and the Points P, R, 
Q, are given in position : to draw the Parallels 
PN, RL, meeting BN, DL, at N, L ; so, that 
NL, and QM, parallel to NL, being drawn.; 
the Lines PN, QM, shall meet BM, at the 

same Point M. 

Lxxii: 

To determine the Triangle, there are given, the 
,Base, a Line from the Vertex, dividing the Base 
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Circle ; such, that adding to, or taking from, 
PR, QR, the given Lines PL, QK ; or adding 
PL to one, and taking QK from the other ; the^ 
Sums, or the DifFerenqes { or the Sum and Dif- 
ference, shall have to each other a given Ratio. 

LXVIIL 

From two given Points, to draw two Lines, in- 
cluding a given Angle, and meeting two Lines 
given in position ; so^ that drawing, from the 
points of Intersection, two Lines, parallel to two 
other Lines given in position; the two Lines, 
last drawn, shall have their Point of concourse, 

• * 

in another right. Line given in position. 

■ 

LXIX. 

The Lilies FR, LP, KH, HF, are giv^en in 
position : to draw GR^ parallel to another Line 
given in position, meeting FRi LP, KH, *HF, 
at R,P, B, G ; so, that the Sutn, or the DiflFer- 
ence, of two Lines, to which GR, GB, have 
given Ratios, shall have a given Ratio to the 

Segment GP. 



< . 



The Liaes are posited as in the preceding : to 



w^ 
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draw GR parallel io a Line given in potitipn ; so, 
that adding a given Line to each of the Seg- 
ments GR, GB, GF ; or, taking a given Line 
from each of them ; the Rectangle under two of 
the Sums, or under two of the Differences, shall 
have a given Ratio to the Square of the remain- 
ing Sum, or Difference. 
Or so, that 
adding a given Line to GR, GB, and taking a 
given Line from GP ; or taking a given Line 
from GR, GB, and adding a giveh Line to GP : 
the Rectangle of the Sums, or of the Differences, 
shall have a given Ratio to the Square of the 
Difference, or of the Sum, of GP, and the given 

Line. 

LXXL 

The Lines RN, DL, BM, and the Points P, % 
Q, are given in position : to draw the Parallels 
PN, RL, meeting BN, DL, at N, L ; so, that 
NL, and QM, parallel to ML, being drawn.; 
the Lines PN, QM, shall meet BM, at the 

same Point M. ' 

Lxxii: 

To. determine the Triangle, there are given, the 
tBaae, a Lane from the Vertex, dividingthe Base 
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in aigiven fimtio, 'andvhe Som^^orflielDiffisrenee, 
-at (hno flLineVi -to 4vbicAi the 'Sdes ;baffe ^rcn 

Hittios. 



LXXIII. 

Given, the BM4»4iXine. from Ihe Vertex, to m 
given Point in the iB.aa^» iwd the Sum, or the 
iDi&renci9» ^of thv fteff timglei, ^ umler >t wo igivra 
Xine9,<ftod i;w.o;Lin^ te Mhic^ ^fbejStdes shaw 
^ivea .Ration, rto determine cite Tciangle. 



XXXIV, 

Given, the Differencetyfithe Angles at the Base, 
a Line, to which the Sum, or the Difference, of 
the Sides, has a givenoEUtio, and a Line, having 
a^ven Ratio, .to. the Sum, Qr4o^the Differen^^ 
of twoXines, one of which.has a^given Ratio«tp 
a Xine drawn from tiie Tettex, making » given 
Angle wiih the IBa^e ; xind the jQther, a given 
Hatio to the Difference ofihe Segments, of the 
'Base,*by a*PerpenHiciiIar.from the vertical Angle. 

LXXy. 

Theiliiies DR, £NM»^»d the iVknnte iP,6Q, 
4ii!eigiv8n»in2pt6itieni:sto dttenpinolfca BainfaRp 
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in DR ; 8adi» that drawing RP, RQ ; also PM, 

QN, making RPM, RQN, equal to two given 

Angles ; the Ratio, Sunii or DiflPerence, of the 

Segments KM, KN» shall be given. 



LXXVL 

Given, in position, two Points, and three right 
Lines : to assign the position of a Point, in one 
of the Lines given in position; snch, that, thence, 
drawing Lines to the two given Points, and, 
from those points, Lines making given Angles 
with the Lines first drawn : the Lines, last 
drawn, shall meet the two remaining Lines given 
in position, and cut therefrom, two Segments, of 
which, the Ratio, Sum, or Difference, shall be 

given. 

tXXVIL 

Given in position, the three Points P, Q, R, and 
the Lines DV, HKL : to draw PV, QV, to 
intersect at V, in DV ; so, that drawing PL, 
RE, making given Angles with VP, VQ, meet- 
ing HL at L, K ; the Ratio of the Segments 
HL, HK : or the Sum, or Difference, of Lines, 
to which HL, HK, have given Ratios ; shall 

be given. 

S F 
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Line QR ; and H, in BD ; are gWen : to dt&# 
P£. Q£, to intersect iu BE» so, that from D» 
the Point of Intersection of ?£. BD, drawing 
DI parallel to EQ, meeting QR, at I : the Sum, 
Qr the Differlsnce; of HD, RI ; or the Sum. or 
the Difference, of two Lines, to which HD, RI, 
have given Ratios, shall be given. 

LVII. 

Given ihe Ratio of the Segments of the Base, 
by a Line from the Vertex, making a given An- 
gle with the Base, the Sum, or the Difference, 
of two Lines, to which the Sides have given Ra- 
tins, and the vertical Angle ; to determine the 

Triangle. 

Lyiii. 

The right Lines HF, FN, DQ, BK, and the 
Points H, I, in HF, NF j are given in position: 
to draw NQK, parallel to another Line given in 
position, meeting FN, DQ, BK, at N^ Q, K ; 
SO9 that making HM : N Ji and FY : FM, equal 

to. given Ratios, and joining K, V : . 
A Parallel to K V, through Q, shall pass through 

a given Point, 

' ''- LIX. ''' '' • " 
The Lines EQ, DR, FM, LN, and the Point 



% 
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P, are given in position :' to draw QR, parallel 
to another Line giren in position, meeting EQ^ 
DR, at Q, R ; so, that drawing QP, and ap- 
plying, to FM, LN, the Lines RM, MN, having 
given Ratios to PQ ; the Angles that PQ 
makes with RM; MN, shall be given in Mag^ 

uitude. * 

LX. 

« 

To determine a Rhomboides, such, that its Sides 

shall pass through four given Points, and two of 

its opposite, angular Points, be posited upon two 

right Lines, given in position. 

LXL 

Three Circles being given in position and Mag- 
nitude : to describe a fourth Circle, intersecting 
the given ones ; so, that two of the Chords shall 
pass through two given Points, and the remain- 
ing Chord shall cut off Segments, from two 
Lines given in position ; the Ratio, Sum, or 
Difference, of which, shall be givem 



LXIL 

Three Circles are given in position and Magni- 
tude : to describe a fourth Circle, to intersect 
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the given ones j so, that one of the Chords shaU 
pa8» through a given Point, another shall mako' 
a given Aagle with that paasiog • through tbv 
given poiolt and the remaining Chord shall cub 
9% from two Linei given 10 position, two Seg- 
ments, making the Sum, or the Difference^ of 
two Lines, to which those Segments have given 
Ratios, equal a given Line. 

LXIIL 

« 

To determine the Triangle, there are given,, tha 
Sum, or the Difference, of two Lines, to whick 
the Base, and a Line, drawn from the Vertex, 
making a given Angle with the Base, have given 
Ratios ; also, two Lines, to which the Diame- 
ter of the inscribed Clfck,' and the Difierence 
he%*6eh the Stem of the Sicks and At Bask| 

haV^givea fiatiMb 

LXIV. 

HaViA'g d Point and a rtght Line, given in por- 
tion : to draw two Liries, ftoxA the given point* 
includili^g a given Angle, that shall cut o#, from 
the Line given in position, two Segments, be- 
tween the points of Intersection, and a given 
Point, or given Points, in that Line, the Ree- 
tiitlgtfe of Which shall be given. 



LXV. 

T#o given* CfTcIes, a Diameter AB; of one of 
them, atld a Chord KLi, of the other, are giveti 
in position- r to- assign, in AB, the points P, Q, 
such, that AP : PB= AQ : QB, and, that PK, 
QLy shall intersect in die Periphery of the Cir- 
cle Kl.. 



LXVL 

Giten in portion, four right lines : to as8i<;n 
the position of a Point, such, that drawing, from 
tkiit Point, four right Lines, meeting those given 
in posittoD, in gtvten Angfes ; the Sum, or the 
Difference, of two Lines, to which two of the 
Lines so drawn, have ghren Ratios, shall be 
given : ancU the Sum, or the Diifeience, of the 
Rectai^es, under two giveii Liiiea» and two. 
Liaea, to whieh ihet.wo rtmaioiog Lines, drawn 
from the point assigned, have given Ratios, equal 

a given 3|pace. 

LXVIL 

To draw, from the Points P, Q, posited in the 
Diameter AB, of a giv^n Circle, the Lines PR, 
QRf to R» a Poiotia the Pen^haryef the mven 
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LXXXIV. 

To draw, from one Extremity of the Diameter, 
of a giren Circle* a Line that shall have a given 
Segment intercepted, by the Peripheryi and a 
Line given in position, at right Angles to the 

given Diameter. 

LXJCXV, . 

The Points A, B, and the Lines KA, KP, are 
given in position : to draw AP, BP, to P, a 
point in KP ; such, that AP shall be a Tangent 
to the Circle passing through the points A, B, C. 

The Point C beiag the Intenectioa of the Lines AK, BP. 

LXXXVL 

Given the vertical Angle, a Line, from the ver« 

tical Angle, making a given Augle with the 

Base, and a Line, to which the Perimeter has a 

given Ratio ; to determine the Triangle. 

LXXXVIL 

^ Given the Hypothenuse, and the Sum of the 
Squares of a Line, to which one of the Sides has 
a given Ratio, and the adjacent, or alternate. 
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Segmimt of the Hypothenuse« hj a Perpendicu- 
lar from the right Angle ; to determine the Tri- 
angle. 

LXXXVIII. 

The Points A, B, C, and the Line DE» are 
given in position : to inflect AD, BD, CD» to 
D, a Point in DE ; such, that the Angle ADB 

shall be equal to CDE. 

LXXXIX. 

To determine the Triangle, there are given, the 
vertical Angle, the Sum of the Sides, and the 
Rectangle of the Base and the Difference of the 

Sides. 

XC. 

The Lines AB, AC, and the point N, are given 
in position : to draw NP, PQ, PR, meeting 
AB, AC, at P, Q^ R ; so, that the Angles 
NPQ, APR, may be given in Magnitude, and 
the Segment NR equal a given Line. 

XCL 

It is required to draw^ from 6, a Point in the 
Periphery of a given Circle, the line GRM, 
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meeting a Chord DK, at R« and the Circle at 
M ; 80» that joining R, and a point B, giTen in 
position \ the Rectangle GM • RB shall be 

given. 

XCIL 

The Lines DR, GT, TN, are given in position ; 

to draw the Line GRN, meeting DR, TN, at 

R, N ; so, that joining R, and B, a given point, 

in GT ; the Ratio GN : RB, may be given. 

XCIIL 

Three Circles being given in position and Mag- 
nitude: to describe a fourth Circle, intersecting 
the given ones ; so, that the Chords joining the 
Points of Intersection, shall pass through three 

given Points. 

XCIV. 

In a given Triangle, to inscribe another Trian- 
gle } such, that one of its Sides shall be given, 
another pass through a given Point, and the re- 
maining Side, be parallel to a Line given in 

position. 

xcv. 

To describe a Circle, through two given Points, 
to touch a Circle, given in position and Magni- 
tude. 
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XCVI. 

To describe a Circle, through a given Point P, 
cutting PC, a Line given in position, in L, and 
touching another Line CR, at R ; so, that the 
Line LR shall pass through a point B, given in 

position. 

XCVII. 

Given the vertical Angle, a Line, from the Ver- 
tex, bisecting the Base, and, either the Sum, or 
the Difference, of the Perpendicular, and a Line 
to which the Base has a given Ratio : to deter- 
mine the Triangle. 

XCVIIL 

To determine the Triangle, there are given, the 
Line bisecting the vertical Angle, the Difference 
of the Angles at the Base, and the Length of 
a Line, from the Vertex, dividing the Base in a 

given Ratio. 

XCIX. 

Given the Radii of three Circles, to assign their 
position ; such, that a Tangent, drawn to any 
' two of them, shall touch the remaining Circle. 

2g 
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In a giren Triangle, to inscribe another Trian- 
gle i such, that one of its Sides shall pass through 
a given Pointy another shall cut off, from two 
Lines given in position^ Segments, the Ratio^ 
Sum, or Difference, of which, shall be given, 
and the remaining Side shall be given in Length. 

CL 

The Lines GH, QL, and the Points A, B, P, 
are given in position : to describe a Circle, 
through the Points A, B, intersecting G H, in 
G, H ; so, that joining P, G, and drawing BH, 
cutting QL in L ; the Ratio QL : PG may be 

given. 

The Point Q, in QL, being given. 

CIL 
In the given Line AC, is the Point B : to de- 
termine another point P, in AC ; such, that the 
Rectangle under PA, and a given Line, shall be 
equal to the Sum of the Rectangles under PB, 
PC, and two other given Lines. 

cm. 

Tq draw a Line, parallel to a Line given in po- 
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iMtion, meeting three other Lines given in posi- 
tion ; so, that the Sum, or the Difference, of 
the Rectangles, under two Lines, to which the 
intercepted Segments have given Ratios, and 
two given Lines, shall he given* 

CIV, 

The Lines PD, FQ, CR, are given in position ; 
of which, PD, FQ, are parallel : to assign the 
Position of a point Q, in FQ ; such, that draw- 
ing QA, QR, parallel to two other Lines given 
in position, meeting PD, CR, at A, R ; join- 
ing Q9 And P, a given Point in DP; and draw- 
ing AR : the Lines PQ, AR, shall ekher be 
pandlel, or include a given Angle. 

CV. 

In DT, one of three Lines DT, PR, AV, given 
in position, to determine a Point T, such, that 
drawing TR, TV, making given Angles, with 
PR, AV : the Line R V, joining the points R« 
V ; shall be given in Length;. 

CVL 

The Lines AB, BQ» DR, are given in position ; 
to determine a point P, in AB ; such, that 



t 
i 



\ 



\ 
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drawing PQR» parallel to another Line given in 
position, meeting BQ, DR| at Q, R ; the Rec- 
tangle under a given Line» and a Line, to which 
PR has a given Ratio, shall be equal, or have a 
given Ratio, to the Sum, or to the Difference, 
of the Rectangles, under two other given Lines, 
and two Lines, to which I^Q, DR, have given 

Ratios. 

Tbe Point D, in DR, bting giYdn. 

CVIL 

To determine a Point, in a Line given in posi- 
tion ; such, that drawing, thence, three Lines, 
making given Angles, with three Lines given in 
position ; the Rectangle under a given Line, and 
a Line, to which, one of the Lines drawn from 
the Point determined, has a given Ratio, shall be 
equal, or have a given Ratio, to the Sum, or to 
the Difference, of the Rectangles, under two 
other given Lines, and two Lines, to which the 
remaining Lines drawn from the assigned point, 

have given Ratios. 



CVIIL 

Determine the General Problem of Apollonius, 
on Inclinations, by Problem I. Book L Also, 
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show that it is the same as Problem 1 1. Book I. 
and Problem LXXXIV. Book III. 



CIX. 

To assi^ the Position of a Tangent, to a given 

Circle; such, that the Sum of the Squares, of two 

Perpeodicukrs upon the Tangent,from two given 

Points in the Periphery, shall be given. 



CX, 

^The Data as in the preceding : to determine the 
position of the Tangent ; such, that adding a 
given Line to, or taking a given Line from, each 
of the Perpendiculars ; the Sum of the Squares, 
of the compound Lines, or of the remaining 

Lines, shall be given. 

CXI. 

From two given Points, equally distant from the 
Center of a given Circle : to draw two Lines, to 
a Point in the Periphery ; such, that the Sum 
of the fourth Powers, of those Lines, shall be 

given. 

CXI I. 
Determioe Problems XVI. and XXI. Book I. 
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by using Problem I. Book I. as an auxiliary 

Problem. 

CXIII. 

Determine the XVIL and XXV. Book I. by 

the same Auxiliary. 

CXIV. 

Let AB, AC, be Lines given in position ; B, C, 
given points in those Lines, and P, Q, given 
Points, any how posited ; to draw PD, QE, in- 
cluding a given Angle, meeting AB, AC, at 
D, £ ; so, that the Sum, or the Difference, of 
the Rectangles, under two given Lines, and two 
Lines, to which the Segments BD, CE, have 
given Ratios, shall be equal a given Square* 

cxv. 

Given one Side, an adjacent Angle, and the 
Area»to determine the Trapezium ; when the 
Side opposite the given one, passes through a 
given Point, and the Angle opposite the given 
Angle, is posited in. a right Line given in posi- 
tion. 

CXVL 

The Lines DM, KQ, HP, LN, are given in 
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position : to draw a Line, parallel to a fifth Line^ 
given in position, meetmg DM, KQ, HP, LN, 
at M, Q, P, N; so, that the Rectangles 
MQ.QN, and MP.PN, shall have a given 

Ratio. 



CXVII. 

Given the Base, and the vertical Angle, to de- 
termine the Triangle ; when the Rectangle un- 
der a given Line, and a Line, to which the Di- 
ameter of the inscribed Circle, has a given Ratio, 
is equal, or has a given Ratio, to the Square of 
the Sum» or of the Difference, of the Sides. 

CXVIII. 

Given one Side, the Angles at its Extremities, 
and the Sum, or the Difference, of two Lines, to 
which the Sides adjacent to the given one, have 
given Ratios^ to determine the Quadrilateral ; 
when the remaining Side passes through a given 

Point. 

CXIX. 

The Radii AB, D£, of two given Circles, are 
parallel to each other : to determine the Points 
I, K, in AB, DE ; such, that drawing IQ, KR| 
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at right Angles to AB, DE, meeting the Cir- 
cles AB, D£, at Q, R ; the Ratio IQ : KR 
shall be given, and the Line IK pass through a 

given Point P^ 

cxx. 

The Lines AD, AB, and PM, parallel to AB ; 
also, the Points P, M, Q ; are given in position : 
to draw the parallels PB, AL, meeting AB, 
MP, at B, L ; so, that drawing BD parallel to 
another Line given in position ; and making 
MK : ML equal a given Ratio: the Points 
D, K, Q, shall be in the same right Line. 

CXXL 

To draw a Line, parallel to a Line given in po- 
sition, intersecting three other Lines, given in 
position } so, that the Rectangle of the inter- 
cepted Segments, shall be equal to a given 

Square. 

CXXIL 

To draw a Line, as in Ae preceding ; so, that 
adding a given Line to, or taking a given Line 
from, each of the intercepted Segments; or 
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adding a giyen Line to one, and taking a given 

Line from the other Segment : the Rectangle 

under the Sums, or the Differences ; or, under 

the Sum and Difference, shall be giren. 

CXXIII. 

In a given Trapezium, to inscribe another Quad- 
rilateral ; such, that two of its Sides shall pass 
through two given Points, and the two remaining 
Sides shall be parallel to two Lines given in 

position. 

CXXIV. 

To determine the same as in the preceding ; 

when three Sides, of the inscribed Figure, pass 

through three given Points, and the remaining 

Side is parallel to a Line given in position. 

cxxv. 

To assign the Position of the inscribed Trape- 
zium ; when three of its Sides pass through given 
Points, and the remaining Side cuts off, from 
two Lines given in position, two Segments, of 
which, the Ratio, Sum, or Difference, is given. 

CXXVL 

To determine the same as in the above ; when 

the Sides of the inscribed Quadrilateral pass 

through four given Points. 

2u 
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CXXVIL 
Criven the Feirimeter, the Side^ of the inscribed 
Square, and the vertical Angle : to determine 

the Triangle. 

qxxvni. 

The Lines AB, FD, KL ; and the Points P, 
Q, R, K ; are given in position : to draw PB» 
RL, p^irallel to each other, or to include a given 
Angle, meeting AB, KL,,at B, L; so, that 
making. KM : KL equal a given Ratio, and 
drawing QD, through M, meeting FD, at D : 
die Lin^ BD shall either be parallel to, or make 
a given Angle with, another Line given in 

position. 

CXXIX. 

The Lines AG, AB, RD, MF, MK, are given 
in position : to assign the Position of a point P, 
in one of the Lines, as AG ; such, that drawing 
PBD, PFK ; parallel to two other Lines, also 
given in position ; meeting AB, RD, MF, 
MK,' at the points B, D, F, K : the Lines BF, 
DK, joining the Points of Intersection, shall in- 
clude a given Angle. 



I . » • 



The same Data, as id Problem GXXIX. to 
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detertnine P ; 8uoh« that- BF, DK, shall hare 
their Point of coireoiinet in a right Line given 

in pofition. 

CXXXI. 

The Data remaining, as in the two preceding 
Problems : to assign the Point P ; such, that 
BF» DKt shall intersect two othet Lines, given 
in position, Jand cut therefrom, two : Segment s» 
between the Pt^ints of tlntenection^ and given 
Points therein ; the Ratio, Sum, or Difference^ 

of which, ahall be given. 

CXXXIL 

The Lines DA, EB, FC, KP, LQ j and the 
Points K« L, in KP, LQ ; are given in posi- 
tion : to describe a' Triangle ABC, given in 
Species* having its angular Points, on three of 
the Lines DA, EB, FC, .given in position ;. so, 
that the Segments KP, LQ,. cut off^ from KP, 
LQ, the two remaining Lines given in position, 
by one of the Sides, as AB, of the Triangle to 
be described, shall have a given Ratio. 

r * . ' • 

CXXXIIL 

The Data, as in the last Problem : to assign the 
Position of the Triangle ABC; such, that the 
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Sum, or the Difference, of two Lines, to which 
the Segments KP, LQ, have given Ratios, shall 

be given. 

CXXXIV. 

The Data remaining, as in the two preceding 
Problems : to determine the Position of the 
Triangle ABC ; when right Lines, drawn from 
P, Q, to a given Point ; or, to two Points, 
^ given in position ; include a given Angle. 

cxxxv. 

Show, by Analysing, that all the Problems in 
Book L may be determined by Problem L 

Book L 

CXXXVL 

Show, in the same Way, that all the Problems in 

Book L and Book IL may be determined by 

.the General Problem. 



END OF PART FIRST. 
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